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Abstract 

In this paper the problem of persistence of invariant tori under small per¬ 
turbations of integrable Hamiltonian systems is considered. The existence 
of one-to-one correspondence between hyperbolic invariant tori and critical 
points of the function T of two variables dehned on semi-cylinder is estab¬ 
lished. It is proved that if unperturbed Hamiltonian has a saddle point, then 
under arbitrary perturbations there persists at least one hyperbolic torus. 
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1 Notation 

First, we introduce some notation which is used troughout of the paper. 
Every vector v in m-dimensional Euclidean space is assumed to be a column 
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vector. Row vectors are denoted by v"’". Hence v = {yi,... ,VmY■ For 
a matrix A = {Aij), i,j = with entries Aij, i is the row index 

and j the column index, and = {Aji) stands for the transposed matrix. 
The product of a matrix A by a column vector v is denoted by Av. It 
is the column vector with the components (Av)i = AijVj. The product of 
a row vector v"'' and a matrix A is the row vector with the components 
(v''"A)j = ViAij. We thus get v^A = (A''"v)''". The product of two matrices 
C = AB is a matrix with the entries Cij = AikB^j with the summation 
convention over the repeated indices. The scalar product of two vectors is 
v"'" ■ u = ViUi- By abuse of notation, we also denote by u ■ v = UiVi the scalar 
product of two column vectors. 

The tensor product of two vectors u, v G is the matrix A := u 0 v 
with the entries Aij := UiVj, i,j = 1,... ,n. For the product of this matrix 
with a vector we have 


(u 0 v)w = (v"*" ■ w)u and w''"(u 0 v) = (w"^ ■ u)v. 


There is a difference between the Jacobian v'(a;) of a vector function v ; 
M"" —)■ MB' and its gradient: the Jacobian is denoted by 

, r '9v (9v (9v 

V := = 


dxi ’ dx2 ’ ’ dxr. 


and the gradient is its transpose 


Vv = v'"^ = {da;iVj) = [Vui, Vn 2 , Vus] 

If a function v ; x depends on two variables y G and x G 
then 

(9v (9v (9v 


^yiy,z) = {dy.Vi)ij = 


dyi ’ i 9|/2 ’ ” ’ ’ dyn-k 


and VyV = (v^)^. For the derivatives of a scalar function H we will use the 
notation 

riM r)^ M 

z) = Hy{y, z) and z) = z). (1.1) 

In other words, d‘^H/dzdy is the matrix with the entries d^H/dzidyj and 


d^H 


= ( 


d'‘H\T 


dzdy V dydz 


) 
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Let ^ > 0. Denote by the complex neighborhood 

= {^ e : Re T”-\ llm^jl < p, 1 < j < n - 1} (1.2) 

of the (n-l)-dimensional torus We will identify 3?^ with the strip 

{I : Re^ e llme^l < P, I < j < n - 1} C 

We denote by R” the complex neighborhood 

R” = {p G C" : |Rep | < p G D, |Impj| < p, 1 < j < n} C C”. (1.3) 


2 Problem formulation. Results 

Invariant tori. In this paper we consider the problem of persistence of 
quasi-periodic motions spanning lower dimensional tori in a nearly-integrable 
Hamiltonian system 


p= -dqH{p,q), q = dpH{p,q) (2.1) 

with the Hamiltonian 

H{p, q) = Hoip) + eHi{p, q). (2.2) 

Here the functions Hq and Hi are analytic on the set D x T”, where D C M" 
is a neighborhood of zero and = W^/27tZ'^ is n-dimensional torus. In 
particular, Hi is an analytic 27r-periodic function of the angle variable q = 
{qi,..., qn). For £ = 0 the system is integrable and the phase space is foliated 
by invariant n-dimensional invariant tori {q = ZJt + const.,f G M} with the 
frequency vectors U = VHq{p), p ^ D. If all components of ZU are rationally 
independent, then KAM theory, see [H] and [1], shows that, under suitable 
non-degeneracy assumptions, such invariant tori persist under small analytic 
perturbations. 

An invariant n-dimensional invariant torus of the unperturbed system is 
said to be resonance if the number of rationally independent components 
of cJ is m < n. A resonance invariant torus of the unperturbed system is 
foliated by invariant m-dimensional tori. A resonance torus breaks-up under 
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small perturbation and only a few of its constituent invariant m-dimensional 
tori survive a perturbation. 

The mathematical study of low-dimensional tori in Hamiltonian systems 
dates back to the late 1960s. The intensive treatment of the problem starts 
with pioneering papers |ll] and |T9]. We refer reader to the monographs |2], 
0, [12], US], HD] and the papers 0, [ID], [21], and [21] for the state of art 
in the domain. 

In this paper we deal with the problem of persistence of (n-1)- dimensional 
tori in setting close to the original Kolmogorov theorem. Our goal is to find 
conditions on the unperturbed Hamiltonian Hq under which system fl2.ip 
has an invariant torus of dimension n — 1 for every analytic perturbation and 
all sufficiently small e. This problem is still poor investigated. We refer to 
papers [5] and [8] for results and discussion. 

We focus on the problem on persistence of hyperbolic invariant tori for 
arbitrary analytic perturbation of a Hamiltonian function. Throughout of 
the paper we assume that the frequency vector lJ = VpH{0, 0) has n — 1 ra¬ 
tionally independent components and the Hessian Hq{0, 0) is nondegenerate. 
Then there exists, see IS], an affine symplectic transformation with rational 
coefficients such that in new variables 

p= {y,Z 2 ) ew^~^ xR, q = {x,zi) eT^~^ xT, z = {zi,Z 2 ), 

the Hamiltonian H{x, y, z) = Ho{y, zf -|- Hi{x, y, z) satishes the following 
condition. 

H.l Recall fll.2p and fll.dp . There is p > 0 with the properties. The function 
Ho{y, Z 2 ) is analytic in the complex ball (y, Z 2 ) E the perturbation 
Hi{x,y, z) is analytic on the cartesian product of the complex strip 
(x, zf) E 3^3^ and the ball (y, Z 2 ) E In particular, Hi is 27r-periodic 
in X and zi. Moreover, there is c > 0 such that 

sup |i7o(y,^2)|+ sup \Hi{x,y,z)\<c, (2.3) 

{y,z2)eB^p, {x,zi)e^3p 

H.2 The frequency vector ZJ = (cj, 0) and Hamiltonian Hq satisfy 

VyHoiO, 0)=UJE 0) = 0. (2.4) 

The components of u) are rationally independent, and satisfy the dio- 
phantine condition 

I (a;"''■ s)“^ I < Co|s|“" for all s G \ {0}. (2.5) 
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In the variables (x, y, z) system fl2.ip reads 


X = VyH, y = —'VxH, z = JVzH, where J 


0 1 

-1 0 


( 2 . 6 ) 


Definition 2.1. Hamiltonian system fl2.6l) has an analytic (n—l)-dimensional 
invariant torus with the frequency vector uj if there exists an analytic canon¬ 
ical transform 'd : (^, r/, <^) i—>• (cc, y, z), 

x = ^ + u{^), 2/= + 0(|r7|, ICI), 2 =-*^(0+ C>(|C|), . . 

rieW-\ CeM^ ^ ^ 

such that'd puts H into the normal form, i.e., 

= H o'd = u: ■ y + C ■ C + oUrjlACl"^). (2.8) 

Here fl is a constant symmetric matrix. Without loss of generality we may 
assume that 

D = diag(—fc, 1), fc G M, (2.9) 

and 

u ;= (27r)^“” / uX) = 0, nJ = (a, 0), a G M. 

JYn-l 

The invariant torus is weakly-hyperbolic if k>0. In the normal coordinates 
system fl2.6p reads 

t = 0 J + O{\yl\C\), y = 0{\yl\C\), C = JDC + 0(|r;|, |Cr). 

It has the solution ^ = Lot -\- const, y = Q, ^ = Q, which defines an invariant 
torus. 

The invariant tori which meet all requirements of Dehnition l2.1l are known 
as reducible tori. It was proved in [3] that every analytic hyperbolic invariant 
torus is reducible. 

If e = 0, then the canonical transformation ■j? is trivial 

x = ^, y = y, z = {a,o) + C, 
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and the normal form is given by 


N{rjX2)^Ho{r]X2) 


= ^ ■ I+ ^(2+^ 0 - VC2 + ^SoT] ■ r) + o(|r/p, |r/||C2|, 1(21^)- ( 2 . 10 ) 


Here to ^ ^ and the Hessian Sq are dehned by 


to = 0), So = 9ji/o(0,0,0). 


( 2 . 11 ) 


If £ = 0, then O = diag {0,1} is degenerate. In other words, the prob¬ 
lem of persistence of lower dimensional tori is degenerate in the original 
Kolmogorov- Melnikov formulation. Introduce the constant matrix 


Kq — So — to ® to, 


where the vector to and the matrix So are defined by equalities (I2.1ip . 

Theorem 2.2. Let Conditions (H.l) - (H.l) be satisfied. Furthermore, 
assume that 


Kory ■ ry < 0 for all ry G M"' ^ \ {0}. 


( 2 . 12 ) 


Then there is Eq > 0 such that for all £ G (—£ 0 , ^o)? Hamiltonian system (12.61) 
has an invariant {n — 1)-dimensional weakly hyperbolic torus which meets all 
requirements of Definition \2.1[ 

Now we can characterize the contents of the paper. In this paper we 
apply to low-dimensional tori problem a modihed version of the variational 
principle proposed in [16] and developed in HZI. In Section [3] we introduce 
the special group of canonical transforms which put the Hamiltonina H in 
the normal form. We investigate in many details the structure of this group 
and its tangent space. 

In the Section m we employ the version of the Lyapunov-Schmidt method 
developed in [T9| in order to reduce the problem to the finite system of 
functional equations named bifurcation equations. To this end we add the 
modihcation term mzi + Mzl/2 to the original Hamiltonian. We obtain the 
modihed Hamiltonian Hm, 
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Thus we come to the following modified problem. For given a G and 
k G [0,1] to find parameters m, M, and a canonical mapping 

G ■ (1,^,0 ^ (x,y,z), 

x = i + u(0, y = V + V(0r/ + A(0C + ^C'^R(0C, 

Z = w(0 + W(^)C. 

which puts the modified hamiltonian in the normal form ,i-e., 

HmoO = u}^ -7) + + o{\r]\, IryllCI, ICH, (2-13) 

In this framework a and k are given, while m, M, and e are unknown and 
should be dehned along with a solution. The solvability of the modihed 
problem can be established by using the Nash-Moser implicit function theo¬ 
rem. The obtained solution to the modihed problem is a function of a and 
k. In particular, we have m = m{a,k) and M = M{a,k). Obviously, if 
m = M = 0, then the canonical mapping 6 puts the original hamiltonian 
hf(x, y,z) in the normal form. Thus we reduce the original problem to the 
system of two scalar equations 

m{a, k) = M{a, k) = 0 
named the bifurcation equations. 

In Sections [MH] we prove that the modihed problem has an analytic solu¬ 
tion for all sufficiently small e. In Sections [7Jl9] we investigate in details the 
dependence of solutions to the modihed problem on the parameters a and 
k. We dehne the Jacobi vector helds associated with the derivatives of these 
solutions with respect to a and k. We also investigate the properties of the 
quadratic form of the diherential of the action functional. Finally, in Section 
m we prove the existence of the critical point of the action functional and 
complete the proof of Theorem 12.21 

3 Basic group of of canonical transformations 

Recall that our task is to hnd the canonical transformation fl2.7p which puts 
H into the normal form fl2.8p . An essential tool in our approach is a special 
group of canonical transformations. In this section we dehne such a group 
as a manifold in the space of analytic mappings and investigate a structure 
of this manifold. 





Canonical transformations Let us consider the totality of all analytic 
mappings -d : x x ^ -jn-i ^ x of the form 

^ : ( 1,^,0 ^ {x,y,z), 

a: = « + u(«), y = V + Y(i)r, + A(?)C + ic‘"H,(«)C, 

z = w(|)+W(«)C. (3.1) 

Here (n — 1) x (n — 1)- matrix valued function V, (n — 1) x 2- matrix valued 

function A, 2 x 2- matrix values function W, and vector valued functions 
u, V : — )■ V : —)■ R"“^, w : — )■ R^^ are analytic and 27r 

periodic in R is a vector valued quadratic form given by 

C’"RC= (C'"RiC,---,C''Rn-iC)^, Ri = R7- (3.2) 

where 2x2 matrix valued functions Ri(^) are analytic and 2n periodic. 

Recall that -i? ; T"“^ x R"“^ x R^ —)■ x R"“^ x R^ is a canonical if 
1 ?”^ takes solutions of hamiltonian system with a hamiltonian H to solutions 
of the hamiltonian system with the hamiltonian H o-d. The mapping ?? is a 
canonical if and only if its Jacobi matrix is symplectic, i.e., 

= J2n, (3.3) 

where 



I 

0 \ , 


0 

0 , J = 

\ 0 

0 

J ] ^ 


I is the identity matrix. The following First Structure Theorem gives the 
complete description of the set of canonical mappings "i? G A. 

Theorem 3.1. First Structure Theorem. Let '& E A is given by fl3.1|) . 

Furthermore assume that the there are analytic inverses (/d+u)”^, and 


W-\ Then'3 is canonical if and only if 

V=(R_i + u')-^, (3.4a) 

det W = W^JW = J, (3.4b) 

A =-V(w')^ JW =-VVwJW, (3.4c) 

R,: = ^ (W^) J W, (3.4d) 

+ Uk) A dvk + dwi A dw 2 = 0. (3.4e) 
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Moreover, there exist {3 G and 27i -periodic scalar function (po(^) such 

that 

\ = ft-\-Y [V (po — W 2 S/W 1 ). (3.4f) 

Proof. The proof is given in Appendix □ 

It is clear that the totality of the canonical mappings contains the 
identity mapping and it is closed with respect to the composition. In other 
words, it can be regarded as a subgroup of the group of analytical diffeomor- 
phisms. Every mapping 'd is completely characterized by the vector 0 of its 
coefficients, 

0 = (u, V, w, V, A, W, Rj). (3.5) 

The group structure on the set of the canonical mappings 'd induces the group 
structure on the set of the corresponding vectors 0. Hence the totality of 
coefficient vectors 0 corresponding to the canonical transforms i? can be 
regarded as a nonlinear manifold in the linear space of all vector-valued 
analytic 27r-periodic vector-valued functions 0. We denote this manifold by 
Q. Now our task is to supply Q with a local chart. 

In view of Theorem 13. li the vector 0 are completely defined by a constant 
vector /3, a scalar function (po, vector functions u, w, and by three elements of 
a symplectic matrix W. We can consider these quantities as local coordinates 
for the manifold Q. More precisely, introduce the vector function 

9 ? = (/?,V?o,u,w, ITii,ITi 2 ,IT 2 i) (3.6) 

such that the functions Wn, IT 12 , W 21 , 920 ^ —)■ M, the vector functions 

u : —)■ w : are analytic and 

u=(27r)^“"/' uci^ = 0, ^po = [ -00 = 0, 

Jjn-l JT^-i 

Next, introduce the mapping 0(c^) defined by the formulae 

0:(^^0((^) = (u,v,w,V,A,W,R,), (3.7) 

where 

V = (R_i + u')-^, V = /? + V(Vv2o - W 2 VW,), 

Wu ] 

W 21 -^^(1 + 1 ^ 121 ^ 21 ) J’ (3.8) 

A = -V(w')^ JW, R,; = -V,k ( 
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In view of Theorem 13.11 the mapping c/? takes the vectors to the 

elements of the manifold Q. Hence, this mapping defines a local chart on 
Q. This chart is local since the mapping fl3.7p develops singularities at the 
points where Wn = 0 and det (I„_i + u') = 0. 

Tangent space. Denote by C the linear space of all coordinate vectors 
(p. Introduce that Gateaux differential 

D@{p)[5p\ = + - &ip)). (3.9) 

The totality of all vectors 

5© = T)©(c^)[5(^], 6peC, (3.10) 

can be regarded as the tangential space Tan©^ to the manifold Q at the point 
©((^). Direct calculations show that for every 


6p = (5/3, 6(po, 5u, 5w, 6Wn, SWu, SW 21 ). (3.11) 

the vector 

5© = (5n, 5v, 5w, 5V, 5W, 5 A, 5Ri). (3.12) 

is defined by the following formulae 


5V = -V 5 V 55 U V, 5 W 22 = 


6W = 


{WuSW 2 i + W21SW12 - W226Wn), 

(3.13) 


Wn 

5Wii 5 Wi2 
51^21 SW 22 

5v = 5/3 + V (V5</9 o — W 2 Vdwi — dw 2 Vwi) + 5V (V</9o — W 2 VW 1 ), 

5A = 5V Vw JW - V V(5w) JW - W Vw J 5W, 


d 


d 


5R, = -6Viki-{W ') JW - H,fe^(5W^) JW - ^^^(W ') J 5W. 


d 




dik 


dik 


The right hand sides of fl3.13p are linear differential operators acting on 5p. 
They can be regarded as the Gateaux derivatives of the components of ©(y?) 
at the point p in the direction 6p. These relations can be simplified in the 
particular case when 


p = Pq^o) = (0, 0, 0, aei, 1, 0, 0). 
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Notice that for we have 


V = I„_i, W = I, A = 0, R = 0. 


We consider this very special case in many details. For 9 ? = c^q we will use 
the special notation for the components of the vector S^p-. 


r = 5lp = A,rii,ri2,r 


21 } 


(3.14) 


This means that 

u = 6(3, ipo = S(po, X = A = 5w, 
Fn = Wi, Fi2 = W 2 , F 21 = 51^21, 

It is easily seen that in this case 

3:= i0 = B^e(v„)|r] 

is dehned by the equalities 

3= (x, A, -Vx, r, V(JA), %(jr)), 

where 

/X = 1 / + VV’o, Tr r = 0 . 

This means that in this case 

5v = -V5X, 5a = -vaj = v(ja), R* = -^r^j 


(3.15) 

(3.16) 

(3.17) 

(3.18) 




5W = T=(^^^ ] , where F 22 = -Fn. 

y i 21 i 22 / 

In other words, we have the equality Tan e{(po)G = {3}- In particular, all 
tangent spaces to the manifold Q at points 0(</?o) coincide. It is a remarkable 
fact of the theory that for every cp there is a canonical algebraic isomorphism 
between the tangent space to the manifold Q at point ©(cp) and the tangent 
space to Q at 0((/jg). This result is given by the following theorem 

Theorem 3.2. Second Structure Theorem, (i) Let cp ^ C. Let T and 

3 be given by fl3.14p and fl3.17p . Then there exists a vector field 


Sip = {5(3, Spo. 5u, (5w, Wi, W 2 ,5hF2i) e 


12 






such that the corresponding vector of coefficients 


6e{(p) = ((5u, 6y, 6w, 6V, 6W, 6A, ) 


given by fl3.12p - fl3.13p are connected with the vector fields T and 3 by the 
relations 


ou = Xi^(C + u), 

d 

Sv = V/X +AA + Xi^v, 

dfi 

d 

dw = WA-fXi^w, 

dfi 

6w = wr + x^ T^w, 

dii 

5Y = -VV5X + X*|rV, 

5A = VV5(JA) + Xi + A^R + AF, 


d d 

^R* = -|- RiF -|- (RiF)"'' -|- Xi T^Ri) 

C'4i Oc^i 

d d 

5(3 = U, difo = V’O + W 2 SW 1 + Xi - W2Xi T^Wi - u ■ u. 

dfi dfi 


(3.19a) 

(3.19b) 

(3.19c) 

(3.19d) 

(3.19e) 

(3.19f) 

(3.19g) 

(3.19h) 


Here u, W, V, A, and R* are the components of the vector fields p> and 

e{p). 

(ii) Conversely, let 5p> and 5&((p) be given by the relations fl3.lip - fl3.13p . 
Then there exist vector fields 


T — {u, fjQ, X, A, Fii, ri2, r2i) G 

and 

3 = (x, /X, A, -Vx, r, V(JA), %(JF)), 

which are connected with the components of the vector fields Sp and 6& by 
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the recurrent relations 


A = 

(3.20a) 

^ 1 4^ c 

la:) ' 
7 

1 

7 

<< 

(3.20b) 

r = w-^sw-x^w-^^w, 

dii 

(3.20c) 

^ = v-'(5w + x,—V- aa) 

(3.20d) 


(3.20e) 


Proof. The proof is in Appendix [Bl 


□ 


4 A modified problem and bifurcation equa¬ 
tions 

Recall that the main problem is to prove that the Hamiltonian y, z) = 
Ho{y, Z 2 ) + £-Hi(x, y, z) has {n — l)-dimensional weakly-hyperbolic invariant 
torus for all sufficiently small £. In view of Definition 12.11 it is necessary to 
find a canonical mapping 6 : (^, rj, —>■ (x, y, z) which puts H in the normal 
form 

HoO = e + uj'^-7) + + o(|r/|, |r7||C|, ICH, (4-1) 

where = diag (—fc, 1), k E [0,1]. and e = const . For e = 0 the problem 
has a family of solutions given by 

X = ^, y = 7), z = ct + (^, Q: = (a,0)''', e = k = 0, a G 

It is easily seen that (n — 1)- dimensional manifold ¥„ = {x = ^, y = 0, z = 
q:} is an invariant torus of the unperturbed system. The totality of these 
tori forms a foliation of resonance n-dimensional invariant torus, and a can 
be considered as a label of a leave of this foliation. Notice that a is nothing 
else but the mean value of Zi over the invariant torus Perturbations 
destroy n-dimensional resonance torus, and only a few (n — l)-dimensional 
invariant tori survive for e 7 ^ 0. The label a of surviving torus is unknown 
and should be defined along with a solution to the problem. Therefore, the 
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range of unknowns {a, k) is the whole strip M x [0,1]. This means that the 
problem of finding of a and k is not local and can not be solved by using an 
iteration process. In order to cope with this difficulty we apply the version of 
the Lyapunov-Schmidt method proposed in [19]. Following [19] we add the 
modihcation term mzi + Mz‘l/2 to the original Hamiltonian. Thus we get 
the modihed Hamiltonian H 

H^(x, y, z) = Ho{y, Z 2 ) + £Ffi(x, y, z) + m"^ ■ z + ^z^Mz (4.2) 

where 

m = (m, 0)"'', 

Consider the following 
ModiGed problem. For given a G 
m, M, e, and a canonical mapping 

0 ■ it'nX) ^ (4.4) 

X = ^ + u(0, y = V + VX)r] + A(OC + ^C"^R(^)C, 

z = w(|) + W(^)C. (4.5) 


M = diag (M, 0) (4.3) 

and k G [0,1] to find parameters 


with the following properties. The mapping 6 satisfies the condition 

^—7 / wiif) df = a, 

(27r)-iA-i 

and puts the modified hamiltonian in the normal form ,i.e., 

H„oe = e + u' ■rj + ic^f!C + o(|r)|, |i7llCI.ICt), 


(4.6) 


We stress that in this framework a and k are given, while m, M, and e are 
unknown and should be dehned along with a solution. The advantage of this 
approach is that the solvability of the modihed problem can be established 
by using the Nash-Moser implicit function theorem. The obtained solution 
6, e, m, M to the modihed problem is a function of a and k. In particular, 
we have m = m{a, k) and M = M{a, k). Obviously, if m = M = 0, then the 
canonical mapping 6 puts the original hamiltonian H (x, y, z) in the normal 
form. Thus we reduce the original problem to the system of two scalar 
equations 

m(a, k) = M(a, fc) = 0 (4.7) 
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named the bifurcation equations. Hence our first task is to prove the local 
existence and uniqueness of solutions to the modihed problem for all {a, k) 
and for all sufficiently small e. 

We reduce the modihed problem to the system of nonlinear partial differ¬ 
ential equations. Notice that in view of Theorem 13.11 the coefficient vectors 
© = (u,v,w,V,A,W,Ri) is a function of the coordinate vector 

= (/3,(y9o, u, w, Wii, Wi2,1H2i)- (4.8) 

Moreover, the mapping ip i—)■ ©(tp) is given by explicit formulae fl3.4p . Thus 
relation fl4.6p can be regarded as a system of nonlinear equations for p. 
Substituting representation fl4.5p with the coefficients © = ©( 93 ) into fl4.6p 
we arrive at the following system of equations for the vector p given by fl4.8p . 


= i/m(id u, v, w) - e = 0, 


(4.9a) 


<h 2 ((^, m, M) = { ^^^(id u, v, w)A -h (id u, v, w)W = 0, 

oy OTi ^ 


(4.9b) 

(4.9c) 


BM T 

<h 3 (<^,m,M) = {-^^(id-hu, V, w)V} - cu = 0 

pjTsr pS, Tsr 

^4^{p,m,M) = dh(id-Ku,v,w)R,;-H A"^ "" (id u, v, w)A4- 

oVi oy^ 

W^?^(id + u,v,w)A+ (^W^^|!h(id + u,v,w)A)^+ (4.9d) 


dzdy 


dzdy 

W^^:^(id + U, V, W)W - = 0 

Bz^ 


4>5(¥’) = 




wi(0 = 0. 


(4.9e) 


Here matrices B'^Hm/idyY, B‘^Hm/{dzBy), and 8‘^Hm/{dzY have the en¬ 
tries 


( 




\ _ 

/BHm^ 

1 

fdHm" 

\ 

hj dyiByj 

\ BzBy / 

'pj dzpByY 

\ Bz"^ / 

pq dZpOZq 


—15 i<p, ^< 2 , 
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the row vectors dHm/dy, dHm/d'z are given by fll.ip . i.e., 


dH^ 

dy 




T 


9z 




The matrices A, V, W and the vector v are expressed in terms of by 
equalities (Id.Sh : 

V = (I„_i + u')-^, V = /3 + V(Vv?o - w^Vw^), 

W"ll W,2 ] 

W 21 i^(l + W"i 2 W" 2 i) J’ (4.9f) 

A = -V(w')’"JW, R, = 

Notice that the matrices Rj are symmetric and the operator $4 is a symmetric 
matrix valued function. Hence $1 is a scalar, $2 is a column vector of 
dimension 2 , $3 is a column vector of dimension n — 1 , $4 is 2 x 2 symmetric 
matrix. Therefore, equations fl4.9a|) - fl4.9dp form a system of (n + 5) nonlinear 
differential equations for n + 5 functional components of the vector- valued 
function (p. 

Notice that a solution to the modified problem is not unique. It is easily 
seen that if a canonical mapping (^, rj, <^) —)■ (x, y, z) puts the hamiltonian 
Hm to the normal form, then the mapping 




V, C') ^ V, C) ^ (x, y, z). 


^ = ^' + c, r/ = ry', C 


(1 + fc62)l/2 b \ , 

kb (1 + A: 62 )V 2 J ^ > 


c G 6 G M, also puts Hm in the normal form. Hence the modified 

problem has n-parametric family of solutions. In order to eliminate this 
arbitrariness, we impose the orthogonality conditions 


[ u(^)de = 0, [ Wu{^)d^ = 0. (4.9g) 

Jjn-l JT’^-1 

Recall that by dehnition of the local coordinate on the manifold Q, the func¬ 
tion ipo in fl4.8l) has zero mean. Thus we have to add the orthogonality 
condition 

[ M^)d^ = 0. (4.9h) 

Jjn-l 
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Equations fl4.9ap - fl4.9ep and conditions ( |4.9gP - fl4.9hp form a closed system 
of equations for cp and parameters m, M, e. 

Throughout of the paper we will use the following consequence of this 
equations. Introduce the important differential operator 


Pi T y7 ^ 


(4.10) 


Lemma 4.1. If p is an analytie solution to equations fl4.9ap - fl4.9dp and v 
is given by fl4.9fp . then 


u: + du = + u, V, w), 

dv = + u, V, w), dw = + u, v, w). 

The proof is in Appendix O 


(4.11) 


Operator equation. Now we reduce system of differential equations fl4.9p 
to the operator equation in Banach spaces of analytic functions. Notice that 
unknowns are the vector-valued function p and the constants e, m, and M. 
Equations fl4.9p also depend on the parameters a and k. It is convenient to 
introduce the vectors 


f=(a,fc), u=((^,e,m,M) (4.12) 

where p = (/3, (po, u, w, Wu, Wu, IT 22 ). 

Now we introduce some notation which is used throughout the rest of the 
paper. 

Definition 4.2. Let g > 0 be given by Condition (H.l). Denote by the 
slab 

Eg = [{a, k) : Re a G M, |Im a\ < g, Re k E [0,1], |Im k\ < p} (4.13) 

Definition 4.3. Let g > 0 bi given by Condition (H.l). For every a G [0,1] 
and any integer d >0 denote by Aa,d the Banach space of all functions 

Re|GT"-\ \lm^\<ag}, 

with the finite norm 

llullo-d = niax sup |ci^M(^)|. (4-14) 


18 



















Notice that system fl4.9p consists of differential equations fl4.9ap - fl4.9dp 
and orthogonality conditions fl4.9e|) - p.9gp . It is convenient to incorporate 
the orthogonality conditions in the dehnition of the Banach spaces. Thus we 
arrive at the following 


Definition 4.4. For every a G [0,1] and any integer d > 0 denote by 
the subspace of the Banach space x Aa^ x ^ ^ ^ which 

consists of all vectors 


u = {(p,e,m,M) with (p = {f 3 ,ipo,u,w,Wu,Wu,W 2 i), 


satisfying the orthogonality conditions (|4.9gP-fl4.9hp. 


Definition 4.5. For every a G [0,1] and any integer d > 0 denote by 
the subspace of Acr,d x ^fd ^ d ^ X C which consists of all vectors 


F=(Fi,F2,F3,F4,/5) 


such that F 4 is a symmetric 2 x 2 -matrix valued function.. 

Introduce the nonlinear operator 
#(u,f) = 

(41(1^, e, m, M), 42 (v, m, M), m, M), M-,k), 'S>5(w; a)), 

(4.15) 

where 4>j are given by f|4.9p . It is worthy noting that $ is a linear function 
of the scalars e,m,M, and fc, a. Hence the modihed problem fl4.9p can be 
written in the form of the operator equation 

$(f,u) = 0. (4.16) 

Remark For e: = 0 and f G C^, equation fl4.16p has the unique solution 

t)(f) = ((^o(q^)5 ~ka — ka‘^, —ka, —k), (4-17) 


where 

c^o(a) = (0,0,a;ei, 1,0,0) 

Notice that <F is a nonlinear analytic differential operator. The general 
theory of the nonlinear differential operators in spaces of analytic functions 
Aa,d is considered in the monograph |T5] and [20]. We use the following 
proposition, see [15] Ch.6, which constitute the continuity and differentiabil¬ 
ity of the operator $. 
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Proposition 4.6. Let g > 0 be given by Condition (H..1). For every a G 
[0,1] and d>l, there are r > 0 and c > 0 with the properties, //f G and 
u G £a,d satisfy 


\\V - Voi(^)\\a,d <r, cpo = (0,0,0,aei, 1,0,0), 
then 4»(f, u) G iFa,o o,nd 

||^(f,u)||f,,o < c + c(|e| + \m\ + |M|). 

If in addition 


\ip + 6cp - cpo{a)\\^^d < r 


then 


+ S(p, e, m, M) - e, m, M) = 

D^^i{ip,e,m,M)[5(p\ + e, m, M). 

The linear operator and the remainder admit the estimates 

\\D^^i{cp,e,m,M)[6cp]\\^^d-i<c{l + \e\ + \m\ + \M\) ||5</?|U,d, (4.18) 

\\Q^^{cp,6ip,e,m,M)\\„^d-i < c(l + |e| + \m\ + |M|) \\6ip\\l^a. (4.19) 

Third structural theorem. In order to apply the Nasli-Moser implicit 
function theorem to operator equation 04.161) . we have to prove that the 
linear operator has an approximate inverse. In other words, we have to 
show that for every 


F = (Fi,F2,F3,F4,/5)g (4.20) 

the linear equation 

D^^icp) [dip] + [5e] + D^^{ip) [5m] + DmHp>) [5M] = F (4.21) 

has an analytic approximate solution {5p,e,m, M). This problem looks 
like very difficult because of the complexity of the expression for = 
D^^{p)[6p]. The remarkable fact of KAM theory is that linear equation 
fl4.2ip can be reduced to the triangle system of hrst order differential equa¬ 
tions with constant coefficients in the principle part. This very special change 
of variables is given by the second structural Theorem 13.2[ In order to dehne. 
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it choose an arbitrary vector Sip = {Sf3, Sipo, hu, hw, SWu, SW 12 , SW 2 i). Next 
notice that relations fl3.2Up in Theorem 13.21 read 


X = 


A = W^hw-XiW 


-lA 

d^i 
-1 d 


w 


r = w^hw-XiW-^—w, 


d^i 


d 


^ = V ^ (^hv + Xi - AA 
V^/'o = fJ--S(3, S(3 = 


(27r; 


n—1 




(4.22a) 

(4.22b) 

(4.22c) 

(4.22d) 

(4.22e) 


where hW is given in terms of Sip by fl3.1ip . These eqnalities completely 
dehne the vector 

Y = (h/3, '00) X 5 ^^5 Til, ri 2 , r 2 i). 

Recall that F is 2 x 2 matrix snch that r 22 = —Tn. It is worth noting that 
eqnalities fl4.22p establishes linear algebraic relations between Sip and Y The 
following theorem shows that the change of variables (I4.22p brings the linear 
operator to the simple canonical form. 

Theorem 4.7. Third Structure Theorem. Let cp, a and k meet all 
requirements of Proposition \4-(^ Furthermore assume that 

S<l>, = DpMp)[Sp] 

Then for every Sip e x x ^ ^ 

S^i = dfjo + ^(3 + ni[x, /X, A], 

h4>2 = JdX + nA + T/x + n 2 [x, A, F] 


S^, = -^x + S^^ + T^\ + Us[x], 


(4.23a) 

(4.23b) 

(4.23c) 


dX 


h<h 4 = 0(JF) + nT + (nr) ' + + /x^e, + + n 4 [x, f] (4.23d) 

Oi^j 
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Here ^/3, V’o, X,Tn, ri 2 , r 2 i and 6(p are interrelated by relations fl4.22p . 
The linear differential operators Ilj are defined by 

ni[x, At, At, A] = -^Xi + ^2 ■ ^ + ^3 ■ H, (4.24a) 

-r 

n 2 [x. A, r] = x^^ + + <^> 4 A + (ja)'$ 3 , (4.24b) 

HsW = Xi-^ - X^^ 3 , (4.24c) 

d^A d 

n 4 [x, r] = Xi^ + <^ 3 ,*^(Jr) + 4 > 4 r + (<i> 4 r)^, (4.24d) 

where 4>i = ^i{(p,e,m,M). The matrix S and T are given in terms of ip by 
the equalities 


T 


W 


(^ + u,v,w)V + A 


dzdy 


+ u, v,w)V, 

+ u, V, w)V. 


(4.25) 


They admit the estimates 


S — So||(T,d-i + ||T — To||o-,ci-i < c{e + 7 "), (4.26) 


where c depends only on a, d and H, the constant matrices So, Tq are given 
by 


So = ^(0,0), 


T„ = 




( 0 , 0 ) 


dy"^ ^ dzdy 

The symmetric matrix valued functions Uij, E*, Kj admit the estimates 


(4.27) 


||Ujj||o-,d-i + ||Ej||o-_ci-i + ||Kj||o-^rf_i < c. (4.28) 

Proof. The proof is in Appendix [Dl □ 

Theorem 14.71 gives the representation of the derivatives D^p^ = 5$. As 
corollary of this result we obtain the representation for the full differential 
Ai^(f, u) defined by 

Du^{f, u) [(5u] = lim - (<h(f, u + r5u) — <h(f, u)). (4.29) 

T—>0 T ' ' 

The result is given by the following 
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Corollary 4.8. Under the assumptions of Theorem f.' 
admit the representation 


the operators 


dipo + uj'^ ■ 6f3 + 6e + 6m ■ wi + -6Mwl + Hi [%, A], 
Du$2(f,u)[5u] = 

JdX + nX + Tfi + SmW^ei + SMwiW^ei + Haix, A, T], 

pL = V'i/'o + 6f3 


D,$3(f,u)[5u] = 


-Sx + S/x + T^A + nsW, 

D,$4(f,u)[5u] = 

dX 

a(jr) + nT + (nry + + /i,E, + a,k,+ 

w'^5MW + n4[x,r], 

Du$5(f,u)[5u] = 



(4.30a) 

(4.30b) 

(4.30c) 

(4.30d) 

(4.30e) 


Proof. Relations (14.Oh . (I4.15p lead to the following expressions for De^, Dm^, 
and Dm^ 


De*hi[5e] = 5e, De^i[ 6 e] = t) for i = 2,3,4,5 
Dm^i[6m] = 6mwi, Dm^2[6m\ = Sm'W"^ ei, 

£>^4)3 [5m] = 0, R)m4>4[m] = 0, R>^4>5[5m] = 0, 

Dm^i[ 6 M] = ]^wl 6 M, Dm^ 2 [ 6 M] = W^5Mw, 

Dm^z[5M] = 0, DM^i[ 6 M] = W^5MW, Dm^S^] = 0- 

Snbstitnting these expressions into the identity 

D„$(f, u) [5u] = 5$ + De$(f, u)5e + u)5m + Dm^{1 u)6 M 

and recalling expressions fl4.23p for 5$j in Theorem 14.71 we arrive at the 
desired identity 04.301) . □ 
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5 Linear Problem 

In this section we prove the existence an approximate inverse of the Gateux 
derivative of the operator This result plays the crucial role in the proof 
of solvability of the modified problem (I4.9p . Choose an arbitrary a G [1/2,1] 
and an arbitrary integer d > 1. Next, £x f = {a,k) G In view of 
Corollary 14.81 the operator $(f, u) is differentiable with respect to u for all 
u = {(f, e, m, M) satisfying the condition 

llv^- 

Notice that $ is a linear function of the parameters e, m, M. Consider the 
linear operator equation 


Zl,$(f,u)[5u] = FG (5.1) 

We are looking for a solution 

5u = { 6 (p, 6 e, 6 m, 5M) 

to this equation in the space 8^4 given by Definition 14.41 Hence 5ip have to 
satisfy the orthogonality conditions 


/ 'J'n— 1 


6lpq = 0 , 


/ 'ipn —1 


5ud^ = 0 , 


I 'J'n— 1 


SWu di = 0, (5.2) 


which are similar condition fl4.9hp -f4.9g) for Lp. Relations fl5.ip - fl5.2p form 
the closed system of equations for the vector (5u. However, the operator 
has the complicated structure and its type is indefinite. In order to 
simplify the equation, we exploit Corollary 14.81 of Third Structural Theo¬ 
rem 14.71 and reduce equation fl5.ip to the triangular canonical form with 
constant coefficients in the principal part. To this end we make the linear 
change of unknown functions and introduce the new unknown vector field 
T = (5/3, 'ipo, A, X, r, ) which is connected with 


6 <p = (5/3,5(po, 5u, 5w, 5W) 
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by relations fl4.22p . Using identities fl4.3Up we rewrite equations fl5.ip - fl5.2p 
in the equivalent form 

dtpQ + ■ 8(3 + ni[x, /X, A] + 5e + 5m ■ w + -w”''5Mw = Fi, (5.3a) 

J^A + T/x + Usix, A, r] + W^5m + W^5Mw = Fs, (5.3b) 

^JL = V'i/'o + 8(3 

~dx + + T'''A + n 3 [x] = F 3 , (5.3c) 

dX 

a(jr) + nT + {nry + + /x,e, + (5.3d) 

O^j 

+W^5MW + U^ix, r] = F4. 

(27r)'-"/ ((WA)i + X'.^)<i$ = / 5 , (5.3e) 

{27iY-^ [ [iPo-8(3-u + W2{WX)Yd^ = 0 (5.3f) 

Jjn-l 

{271^-^ [ Y-^xd^ = 0, [ (wr)i 2 de = 0 . (5.3g) 

Recall that the matrices S and T are given by fl4.25p . This matrices along 
with the matrices U, Ej, and Kj admit estimates fl4.27p and fl4.28p . The 
linear operators If are dehned by formulae (14.241) . They vanishes when $ = 0. 

5.1 Approximate equations 

Relations (15.3p form the closed system of equations and the orthogonality 
conditions for the functions 'ipo, x, A, E, and the parameters (3, 8m, 8M, 
and 8e. This system is not in a triangle form and it is inconvenient for 
the investigation. In order to cope with this difficulty we notice that, in 
accordance with the basic principles of the KAM theory, we are looking 
for an approximate solution to equations (15.3p . This approximate solutions 
should satisfy equations (15. 3 p with the accuracy up to the discrepancy. Hence 
we can omit the operators Hj in (15.3p . Thus we arrive at the approximate 
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equations 


dipo + u)^ ■ (5/3 + (5e + (5m • w + -w"'"(5Mw = Fi, (5.4a) 

id\ + nX + Tn + + W^^Mw = Fa, (5.4b) 

fjb = VV’o + <^/3 

-dx + S/x + T^A = Fs, (5.4c) 

dX 

a(jr) + nT + {nvy + + /XiEi+ (5.4d) 

XiKi + W^(5MW = F 4 . 

(27r)'-" [ ((WA)i + X ■ Vu;i) = /s, (5.4e) 

(27r) [ [i/jo - (5/3 • /5u + wa (WA) J = 0 (5.4f) 


(27r)'-" [ V-^x = 0, (27r)i-" [ (Wr)ia = 0, (5.4g) 

J'fn-l JT"“1 

where (5m = {5m, 0)"'' and 5M = diag((5M, 0). 

The difficulty is that the ’’angle variable” wi is a growing function of 
a. Hence the extra term mwi + 2~^Mw‘f in the modihed Hamiltonian has 
a polynomial growth in a. In other words, this means that the system of 
equations fl5.4ll contain secular terms. To cope with this difficulty we collect 
all secular terms together and introduce the new parameters 

q = 5e + 5(3~^ ■ uj + aSm + 2~^a^5M, 
p = 5m + a5M, = {5p, 0) 

Recall that 5m = {5m, 0), 5M = diag {5M, 0). Thus we arrive at the follow¬ 
ing equations 


dipo + q + p ■ {wi - a) + ^5M{wi - of = Fi, 

(5.6a) 

3dX + nA + T/x + pW^ei + 5M{wi - a)W~^ei = F2, 

(5.6b) 

pb = VV’o + df3 


-dx + Sfi + T^X = F3, 

(5.6c) 

a(jr) + nT + {nry + + /x.e, + a,k,+ 

(5.6d) 

TW’^^MW = F4, Tn = -r22, 
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[ ((WA)i + X ■ V^i) = /s, (5.6e) 

(27r)i-" [ [iPo-5/3 ■u + W 2 (WA) J = 0 (5.6f) 

Jjn-l 

(27r)i- [ V-^x di = 0, (27r)i-" [ (Wr)i 2 d^ = 0. (5.6g) 

jt"-i 

The following theorem constitutes the existence and uniqueness of solu¬ 
tions to problem fl5.6p 

Theorem 5.1. Let a fixed a G [1/4, 1 ], d > 2, and the matrix Kq = Sq — 
to 0 to given by fl 2 . 1 ip . satisfies the condition det Ko 7 ^ 0. Then there are 
£0 > 0 and tq with the following properties. For every 


(a, fc)GSg, ||</?-(po(«)IU,d ^’^o, = (0^0) 1,0,0), |e| < £ 0 , 

0 < CTq < (Ti < cr, (Ti > 1/4, 

and all F = (Fi, F 2 , F 3 , F 4 ,/s) G Jvi,o; problem fIS.Op has a unigue solution 
ifio, A, X, r, 5(3, q,p, 5M) G Ao,o X <,o x x x C""' x Cl 
This solution admits the estimate 

||(V;o,A,x,r)|U„,o + |(5/3,g, p,hM)| <c(ai-ao)-®"-'2||F|U,,o (5.7) 

where the constant c is independent of Eq, vq, and ai. 

Proof. The proof is in Appendix IE.11 □ 

Notice that problems fl5.4p and fl5.6p are equivalent. The vector T = 
((5/3,-00) A, X, r) and the parameters 5e, 5m, and 5M satisfy equations fl5.4p 
if and only if T, 5M and the parameters 5q, 5p, given by fl5.5p . satisfy 
equations fl5.6p . Thus we obtain the following 

Corollary 5.2. Under the assumptions of Theorem Ah . 1[ problem (15.4p has a 
unique solution 

i'lpo, A, X, r, d(3,5e, 5m, 5M) G x x A'ff/ x x x 
This solution admits the estimate 

11(^0, A,x,r)||.„,o + |(5A^M)| < c(ai -cro)-«"-'^||F|U,o (5.8) 

\{5e,5m)\ < (1 + (a^)c(cri - cro)"®”“^^||F||<^i,o (5.9) 
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5.2 Differential of Approximate inverse 


In this section we construct an approximate inverse to the operator D^. Our 
considerations are based on the following construction. For given ip denote 
by the linear operator dehned by the equalities 


S : T = (5/3, tAo, A, X, T)^5ip = (5/3,5v?o, 5u, 5w, 51Fii, 5hFi2,51^21) 

(5.10a) 


ou = Xi^(4 + u), 


5w 

5W 


d 

WA + Xi—w, 
oii 

wr + X. J-w, 

dii 


5(po = "00 + 'W25wi + 



(5.10b) 

(5.10c) 

(5.10d) 

(5.10e) 


In view of the Second structural Theorem 13.21 the operator H has the inverse 
defined by 


:-l 


5ip = (5/3,5(^0,5u, 5w, 51Vn, 5hh2i)T = (5/3, V’o, A, x, T) (5.11a) 


X = V^5u 


-1 5 


A = W 5^^ —XiW 7—w 

dii 

c) 

r = w-^5w-XiW-^—w. 


dii 


d 


^ = V (^5v + Xi - AA 

dpo . dwi -y 

ipQ = dpo - Xi^p- + W2Xi^p- + op ■ u. 
dii dii 


Recall the notation 


(5.11b) 

(5.11c) 

(5.11d) 

(5.lie) 

(5.11f) 


f=(a,fc), u=(£^,e,m,M) 


Introduce also the notation 

5u = (5;^, 5e, 5m, 5M). 
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Definition 5.3. Let 7?.(f, u) be a linear operator defined by the equality 


7^(f,u)[F] = (SM[T],5e,<5m,<5M) (5.12) 

where T, 5e, 6m, 6M is a solution to the approximate problem (15.4^ . Notice 
that the coefficients of equations fl5.4p are completely defined by f and u. 

The following proposition constitntes the basic properties of the operator 
TZ. In particnlar, it follows that TZ is an approximate inverse to the operator 
D^. 

Proposition 5.4. Let a G (0,1]. Then there are £o > 0 and ro > 0 with the 
following properties. For all f, u, and e, and ai satisfying the conditions 

f e |£| < £o, 11^^ - ^o{a)\\a,d < ro, 

0 < (Jo < CTi < cr, 

the operator 7Z{f,u) : Jvi,o ^ £< 7 o,d is bounded and admits the estimate 

||7^(f,u)[(5u]|U,. < c(l + a^)(ai - (5.13) 

Moreover, it satisfies the inequalities 

II (K(f,u)M(f,u)-Id)|H 

c(<T. IIHU,.,.. (5.14) 

II u)K(f, u) - Id) IF] m 

||F||„,„. (5.15) 


i.e., 7Z is an approximate inverse to D^. 

Proof. The proof is based on the following anxiliary lemma . 

Lemma 5.5. Let a fixed a G (0,1) and d> 2 and xq < 1/2. Then for every 

fGSg, \\ip - iPoia)\\a,d < ro, c^o(«) = (0, 0, 0, a, 1, 0, 0), 

and every 

0 < (Jo < (Ji < (J, 
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the operator 


H : C X Xi,o X X A^J X ^ C X Ao,d x x A^J x Al^^^ 
is well defined and admits the estimate 

II 3(¥>) [T] < c{ai - ao)"'^ ||T||^,,o- (5.16) 

The inverse operator 

: C X ^<^ 1,0 X Al, n X A^7n X At. n -)■ C X Arrn.d X Al„ ^ X Atrl X A. 
is well defined and admits the estimate 


= iv) IM IL„,J < c(<Ti - CTo) I|i5¥>IU..o 


(5.17) 


Proof. In order to avoid repetitions we prove estimate fl5.16p . The proof of 
estimate fl5.17p is similar. Notice that for d > 1 and ro < 1/2, the equality 
W 22 = 11 ^ 11^(1 — 11 ^ 1 , 21 ^ 21 ) implies 

lk2|U,o + ||Vwi||a,o + ||vvr||„,0 + \\w - I||^,o < c\\ip - ip{a)\\^^d 

Obviously we have 

\\w2\\a,0 + ||Vwi||f,,o + ||V(^ + ^i)|| + I| 1 ^IU ,0 < c\\ip - ip{a)\\^^d < C 

Since ^< 71,0 is a Banach algebra, it follows from this and (I5.10p that 

||H(^)[T]|U,o<c||T]|U,o. 

It remains to note that 


S(‘/?)[T]|Uo,d < c{ai - ao) ^||H(cp)[T]||,,,o. 


□ 

Let us turn to the proof of the proposition. The proof falls into three 
steps. 

Step 1. We begin with proving of estimate (I5.13p . It follows from Corol¬ 
lary [5]2] that, under the assumptions of Proposition 15.41 for a suitable choice 
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of Sq and tq, problem fl5.4p has the unique solution T = {5(3, -00) \ X) T), and 
he, 5m, 5M satisfying the inequality 

ll”^ll{o-o+o-i)/2,o + |<5e| + |hm| + \5M\ 

< c(l + - ao)-®"-'' ||F||.,,o. (5.18) 

Using this estimate and applying Lemma 1531 with ai replaced by (cro + cTi)/2 
we obtain 


II Lo,d c^o) " ||T]||(.„+.p/2,0 ^ 

<c(ai-ao)-®"-'^-"||F|U,,o. 

Combining flS.lSp and fl5.19p and recalling Dehnition 15.31 we arrive at fl5.13p . 

Step 2. Now our task is to prove estimate (??). Assume that e, tq meet 
all requirements of Corollary 15.21 Choose an arbitrary 

= (h/3, <5u, hhUii, hlUi 2 , hhU 2 i) and {5e,5m,5M) 


such that 


hu = {5cfi, he, 5m, 5M) G 


Set 

T = H-^(£^)[h(^] 


By construction, the vector 


(5.20) 


T = (hAV'o,A,x,r) 


is connected with hep by relations fl4.22p . Hence T and the parameters 
(he, 5m, 5M) meet all requirements of Corollary 14.81 It follows that they 
satisfy identities fl4.3Up . Notice that relations fl4.30p can be regarded as sys¬ 
tem of equations fl5.4ap - fl5.4ep with the right hand sides 

Fi = -Hi [x. A, ^l] + L>u^i (f, u) [hu], 

F2 = -n2[x,A,r] + ziu<h2(f,u)[hu], 

^3 = -n 3 [x]+Ilu<l> 3 (f,u)[hu], (5.21) 

F4 = -n2[x,r] + ziu<h4(f,u)[hu], 

/5 = Zlu$ 5 (f,u)[hu] 
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Moreover, since 5u G £’ 0 - 1 ,d, its component 5ip satisfies the integral relations 
fl5.2p which, in view of (15.10bp - (l5.1Uep . are equivalent to the integral condi¬ 
tions fl5.4fp -( [5^^^ . Therefore, the vector Y and the parameters ((5e, 5m, 6M) 
satisfy equations fl5.4p with the right hand sides given by fl5.2ip . 

On the other hand, Dehnition 15.31 implies the identity 


7^(f,u) [Du^(f,u)[5u]] = {S{ip)[T],5e',5m',5M') (5.22) 

where the vector Y' and the parameters {6e', 6m', 5M') satisfy equations fl5.4p 
with the right hand sides 


T;' = D<h,(f,u)[5u], z = l,...,4, /' = D<h5(f,u)[5u] (5.23) 

It follows from fl5.20p that 

7^(f,u)[T)^$(f,u)[5u]] - 5u= {R{<^)[%5e,5m,5~M) (5.24) 

Where 

T = Y' — Y, 5e = 5e' — 5e, 5m = 5m' — 5m, 5M = 5M' — 5M. 


Notice that (Y, 5e, 5m, 5M) satishes equations fl5.4p with the right hand sides 
fl5.2ip . On the other hand, {Y',5e',5m',5M') satishes equations fl5.4p with 
the right hand sides fl5.23p . It follows from this that (Y, 5e, 5m, 5M) satishes 


equations fl5.4p with the right hand sides 

F, = n,[Y], * = !,..., 4, /5 = 0 . (5.25) 

Here the operators Hj are given by formulae fl4.24p : 

Hi [Y] = -^xi + J ■ A + 4 ) 3 ^ ■ /X, (5.26a) 

n2[x. A, r] = + r^<^>2 + <h4A + (ja)'< h3, (5.26b) 

HsM = Xi-^ - (5.26c) 

n 4 [x, r] = Xi^ + ‘^3.|r(jr) + <i>4r + ($4r)^, (5.26d) 
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where = <hi(f, u) and ^ = 5(3 + V'lpo- We thus get 

^^jJo + ■ 5^ + 5e + (5m ■ w + -w''"(5Mw = Fi, (5.27a) 

JdX + nX + Tfi + 6mW~^ei + W^dMw = Fs, (5.27b) 

fi = V'lpo + 5^ 

-dx + S(i + T^X = Fs, (5.27c) 

dX 

diJt) + nt + (nty + + /i,E,+ (5.27d) 

XiKi + W’^hMW = F4. 

[ ((WA)i + x-Vw;i)d^ = 0, (5.27e) 

Jjn-l \ / 

[ [iPo-S^-u + W2{WX)^]d^ = 0 (5.27f) 

Jjn-l 

[ V-^xd^ = 0, [ (Wf)i2de = 0, (5.27g) 

J^n-l 

where hM = diag(5M,0). Let us estimate F. Equality T = S^^dip and 


estimate fl5.17p imply 

II ”^ll ((Tl+(To)/2,d ^ c{ai-ao) ||^<fII<xi,o 

It follows from this that 

II ”^|| ( 2 f 7 i+o-o)/ 3,0 + II^?"'^'II( 2 (ti+o-o)/ 3,0 < c((Ti — (Jo) '^II'^FIUi.O- (5.28) 
Next we have 

||^||(2(ti+o-o)/3,0 + ||^.J^||{2(7i+(to)/3,0 < c((Ji — (Jq) ^||$||o-j, 0 - (5.29) 

Combining estimates fl5.28p and fl5.29p and recalling formulae fl5.26p we arrive 
at 

||n[T]|| 

( 2 f 7 i+(To)/ 3,0 ^ c(cTi-ao) ^11^11(71,0 ll<^<Fllai,o (5.30) 

Since Sep is the component of the vector u, it follows from this and fl5.25p 
that 

||F||(2<7i+o-o)/ 3,0 < c(ai-ao) ^ ||$||^,,o ||^u||^i,o (5.31) 
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Applying Corollary 15.21 to problem fl5.27p we conclude that it has the unique 
solution. Moreover, estimates fIS.Sp and fl5.9p in this corollary imply the 
estimate 


c(l + |a^|)((Tl — (To) ^^||F||( 2 o-i+o-o)/ 3 , 0 - 

This result along with inequality fl5.3ip leads to the estimate 

II”^II{o-i+(to)/2,o + |<^e| + \6m\ + \6M\ < 

c(l + |a^|)(ai - II^IUi,o ll^u||^i,o- 

From this, relation fl5.24p and estimate fl5.16p for the norm of the operator 
H we obtain 


|lK(f,lO[A,9>(f,u)[H] 

l|2Mm|L.,,+ |A1 + l'5m| + |W|< 

((Ti — (To) ‘^||T||(o-i+cro)/2,o + |<^e| + \Sm\ + \5M\ < 

c(l + |a^|)((Ti - (To)"®"“^^"^‘^||^»|Ui,o||^u||„i,o- 

which obviously leads to fl5.14p . 

Step 3. It remains to prove estimate fIS.lSp . Choose an arbitrary F 6 
Jvi,o and set hu := 7?.(f, u)[F]. It follows from the dehnition 15.31 that 

(5u = (H[T], (5e, 6m, 5M), 

where (Y, 6e, 6m, 6M) is a solution to problem fl5.4p . On the other hand, in 
view of Corollary 14.81 the vector 

Du$(f,u)7^(f,u)[F]=Du$(f,u)hu 

satishes identities fl4.30p . Combining fl4.30p and fl5.4p we arrive at the identity 

D,$(f,u)7^(f,u)[F] - F = (ni[Y], n 3 [T], n 4 [Y], u,[r]). ( 5 . 32 ) 

Applying Corollary 15.21 to equations fl5.4p we conclude that 

ll”'^ll(o-o+o-i)/ 2 ,o + |<5e| + \6m\ + \6M\ < c(l + \a^\){ai — (Tq) ^^||F||cti, 05 
which gives 

II Y||.„,o + < c(ai - ao)-®"-''||F|U,,o- (5.33) 
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Next we have 


II^IUo.o + II^C^IIo-0,0 ^ c((Ti — (To) ^||$||cti,o- (5.34) 

Combining estimates fl5.33p and fl5.34p and recalling formulae fl5.26p we arrive 
at 

||n[T]|U„,o < c(ai - ao)-«"-'"||4>,|U,,o||F|U,,o. (5.35) 

It remains to note that desired estimate 05.151) is a straightforward conse¬ 
quence of estimate 05.35P and equality 05.321) . □ 

6 Implicit function theorem 

6.1 Nash-Moser-Zehnder Implicit Function Theorem 

We prove the local solvability of operator equation 04.16P by using the nash- 
Moser implicit function theorem. There are many different versions of this 
celebrated theorem. Our considerations are based on the version of the Nash- 
Moser implicit function theorem proposed by Zhender, see na, 121. 

Fix d > 2. Recall Dehnitions 14.41 and 14.51 of spaces £a,d and J^a,d- Let us 
consider the abstract operator equation 

^(f)^) ~ 0) f ^ ^ £a,d- (6-1) 

Here $ is a smooth operator. Assume that the operator $ satishes the 
following conditions, cf. [15], ch.6.1. 

For hxed i? > 0, > 0, and (fo,Uo) G x £i d denote by Ha-(fo,Uo) C 

X £a,d the ball 

^,7(fo,Uo) = {(f,u) : |f-fo|<Ar, ||u-Uo||^,d < R}. (6.2) 

H.3 The mapping is dehned in Hodo^no). Moreover, the mapping $ ; 
Ba{fo, Uo) —)■ Jv,o is continuous for all a G (0,1]. For every a' < a, the 
mapping ^>(f, •) : i3CT(fo,Uo) r]£a,d —t cr' < a is differentiable. For 

every (f, u) G Ho-(fo,Uo), the quantity 

g(f; u, 0 ) = $(f, u) - $(f, 0 ) - Zl„$(f, 0 )(u - 0 ) 

admits the estimate 

||g(f;u,t))||<,/,o < co(a - (6-3) 
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H.4 For every a G (0,1] and (f, u), (g, u) G Ba-{fo, Uq), we have 


||#(f,u) - #(0,u)||^,o < Coif - g 


(6.4) 


H.5 For every a G (0,1], every 0 < a' < a, and every (f,u),G So-(fo,Uo), 
there exists the linear continuous mapping 7^(f, u) : t Sa',d such 

that for all 1) G Jv,o and all 0 G £a,d, 



(6.5) 


||(oDu$(f,u)7^(f,u)-I)[)||o,^o 

< co(a-a')-'"-^|| $(f,u)|U,o ||f)||a,o. (6.6) 

||(7^(f,u) Zl,$(f,u)-I)o||o.^rf 


<co{(T-a') ^11 $(f,u)||<^,o ||o||-7,d. (6.7) 


The following theorem, see [15], Theorem 6.1 and Corollaries, constitute the 
local existence and uniqueness of solutions to operator equation fl6.ip 

Theorem 6.1. Assume that satisfies Conditions (H.3) — (H.5). Then 
there exists a constant C, depending only on cq, t, and 7 with the following 
properties. If for some a G (0,1], the couple (f, o(f)) G i3o-(fo,u.o) satisfies the 
conditions 



Moreover, if the mapping So- fl 3 f — )■ t)(f) G E^^d is continuous, then the 
mapping So-(fo,Uo) fl 3 f — )■ u(f) G Sfj/ 2 ,d is continuous. If, in addition, 
o(f) satisfies the ineguality 


2 C'-i$(f,o(f)||o,,oa-^<l, 


( 6 . 10 ) 


then the solution u(f) is unigue. 
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Proof. Existence of solution u(f) is exactly the statement Theorem 6.1 in 
[T5] . The continuity of this solution is a consequence of the Corollary of this 
theorem, see [15]. The uniqueness also results from ch.6 injlS]. However, 
since our formulation is slightly different, we recall these arguments. Let 
u(/),u'(f) G Ho-(fo,Uo) satisfy equation fl6.ip and inequalities fl6.9p . It follows 
that 

ii(f))(u'(f) - u(f)) = -Q(f, u, u') 

Applying to both sides of this identity the operator 7^(f, u(f) and recalling 
that u(f) satishes equation fl6.1l) we obtain 

u'(f)-u(f) = -R(f,u(f)Q(f,u,u'). 

Choose an arbitrary a” < a' < a.Applying inequalities fl6.3p and fl6.5p we 
arrive at 


l|i^'(f) -u(f)||^yd < c{a' -a") ^||Q(f,u, u')||(<.'+a»)/2,d < 

Now set an = 2~"’~^a, n > 0. We have 

l|u'(f) - - u(f)|U„,,, 

which leads to the inequality 

On the other hand, estimate fl6.9p imply 

||u'(f)-u(f)|U/ 2 ,, < 2C-i$(f,Kf))|U,oWT 
Combining the obtained results and recalling fl6.10p we hnally obtain 

h'if) - u(f)||o,d < ||u'(f) - < 

^n2nh7+20(2C-i$(f,o(f))|U,ocr-'^)^" ^ 0 as n^cx). 


□ 


37 













6.2 Solvability of the main operator equation 

We are now in a position to prove the local solvability and uniqueness result 
for the main operator equation fl4.16p . Recall the notation 


f = {a,k), u = M) where (f = (/3, </9o, u, w, Wn, W 12 , 1 ^ 22 )- (6.11) 

and 

o(f) = ((Pq(q!), —ka — ka'^/ 2 , ka, —k), (6-12) 


where 


(^o(a) = (0,0,aei, 1,0,0). 

Fix an arbitrary a G (0,1] and d > 1. Next, fix p > 0 satisfying Condition 
(H.l) of Theorem 12.21 and set 

G = {(a, fc) G : |Re a\ < dvr. Re fc G [0,1], |Im a\ < g, |Im k\ < p}. 

(6.13) 


The following theorem is the main result of this section 


Theorem 6.2. Let conditions (H.1)-(H.2) be satisfied. Then there is £0 > 0 
such that for all |£| < £0 o,nd for all f E G operator equation fId.lOp has a 
unique solution u(f) G 8^/24 such that 

IWf) - 0(f)IU/2,d < c|£|. (6.14) 

The mapping G 9 f — > u(f) G 8^124 has a continuous extension to the strip 

Sp = {(a, /c) G : Re a G M, Re /c G [0,1], |Im a\ < g, |Im k\ < p}. 


Moreover, the extended mappings 


f —)■ — (^ 0 ( 0 ), f —)■ M, f —)■ m + oM 

are 271- periodic in a. 

Proof. In view of Proposition 14.61 for every f G G, there is r > 0 independent 
of f with the following property. If 

||o(f)-u||^,d < r, (6.15) 

then the operator ^(f, u) G Jv,o is differentiable at the point (f, u) with re¬ 
spect to u and satishes estimate fl6.3|) with the exponent r = 0. On the other 


38 










hand, it follows from Proposition 15.41 that there exists Sq > 0 independent 
of f with the following properties. If f G G, u G Jv,o satisfy inequality fl6.15p . 
and l^l < then there is the linear operator 7^(f, u) satisfying inequalities 
fl 6 . 5 p - fl 6 . 7 p with the exponents r = 0 and 7 = 8n -|- 14 -|- 2d. In other words, 
if (f, u) satishes inequality fl6.15p and |£| < £ 0 , then the operator $ satishes 
inequalities fl6.3p and fl6.5p - fl6.7p in Conditions (H.3)-(H.5) of Theorem 16.11 
Now choose an arbitrary fo = (ao, ko) G G and set Uq = D(fo). It follows 
from this and fl6.12p that 

||o(f)-Uo|lM<20|f-fo| for all f G G. (6.16) 

Recall dehnition fl6.2p of the ball SCT(fo,Uo): 

^,7(fo,Uo) = {(f,u) : |f-fo|<A^, ||u-Uo||^,d < R}. 

We have 

||o(f) - u|U,d < ||uo - u||^,d + ||o(f) - Uo|U,d 
< R + 20|f- fol <R + 2m 


for (f, u) G Ba- Hence for 


R + 20iV<r, N<p (6.17) 

the vectors f and u satisfy inequality fl6.15p in the ball Ho-(fo,Uo). Moreover, 
we have Ho-(fo,Uo) fl C Sp. Now £x N and R satisfying fl6.17p . It follows 
from this and what was mentioned above that for |e:| < the operator 4) 
satishes Conditions (H.3)-(H.5) with the exponents r = 0, 7 = 9n -|- 12 -|- d, 
and the constant Cq independent of fo. Hence $ meets all requirements of 
Theorem 16.11 Applying this theorem we conclude that there is a constant 
G, depending only on cq and 7 , with the following properties. If the couple 
(f, t)(f)) G Ho-(fo,Uo) satishes the conditions 

||o(f) -UoIIm < R/2, ||$(f,o(f))|U,o < 2 -^CRa^\ (6.18) 

then equation fl6.ip have a unique solution u = u(f) G 8^/24 such that 

ll»(f) - u(f)||,/2.i < C-'IISlf, o(f))|U.off-''. (6.19) 

Moreover, the mapping i3o-(fo,Uo) fl 3 f ^ u(f) G 8^124 is continuous. 
In order to prove the local existence and uniqueness of solution to equation 
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fl4.16p . we have to show that conditions 06.181) is fnlhlled in the ball i3o-(fo) Uq). 
First we notice that, in view of relations 06.12p and 04.9p , we have 


^i(f,f(f)) = £iyi(id,0,aei), 

f)M T 

$2(f,o(f)) = £-^(id,0,aei)} , 

T 

®3(f,o(f)) = £{-^(id,0,aei)} , 

*4(f, 0(f)) = 0, Ml). 

t5(f.0(f))=0. 

It follows from this and analyticity conditions 02.Sp imposed on Hi that 

ll®(f,o(/))|U,o < ci\e\ 

for all f G Tip. Here the constant Ci is independent on f. From this and 06.161) 
we obtain that condition 06.181) is fnlhlled for all f satisfying the inequality 

|f-fo|<iVi=iV/40, (6.20) 


and all e such that 

e < Eq < Ci^CNa'^'^. 

Applying Theorem 16.11 we conclude that for all f G G satisfying O6.20p and 
for all |e| < Eq operator equation 04.16P has a solution u(f) satisfying the 
inequality 

ll'^(f) - ll(f)IU/2.d < CiC~^(T~^\e\ = C2\e\. (6.21) 

This solution is unique. Moreover, the mapping 9 f —)■ u(f) G 8^/24 is 
continuous in the disk {|f — fo| < 

Our next task is to prove that this solution is dehned for all f G G. Since 
G is a compact set, there is a hnite collection of the balls 

Gj = {If — fj| < A^i/2}, 1 < i < m, fj G G 

such that G C UiGj. It follows from the local solvability of operator equation 
fl4.16p that for l^l < Eq there is a unique continuous mapping Gj 3 f —)■ Ui(f) G 
8 a/ 2 ,d such that 

d)(f,u,(f)) = 0, ||u,(f) - 0(f)|U/2,, < C2|£|. (6.22) 
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If f G GiP[Gj then Uj(f) = Uj(f). Indeed, Uj satisfies inequality fl6.22p and the 
equation <I>(f, Uj) = 0. On the other hand, Uj(f) is the unique solution to the 
equation ‘h(f, u) = 0 with f G Gj satisfying this inequality. Hence u, = Uj. 
Therefore, the relation u(f) = Uj(f) for f G Gj dehnes the continuous mapping 
G 9 f — )■ u(f) G £al 24 - 

It remains to prove that this mapping has the analytic extension to the 
strip Tip. Fix an arbitrary f = (a, fc) G G such that 

Re a G [0,7r/2] (6.23) 


and set 

a = a + 271, f = (d, k). 

Let u = u(f) be a solution to the operator equation ^(f, u) = 0. We have 
u=(^,e,m,M), where ^ = (3, (po, u, w, Wn, Wis, 1 ^ 22 )- 


Now set 


u’ 




where 


c^* = (^-(0,0,0,27rei, 0,0,0 ), 
e* = e — (27rm + 27r^M), m* = fh + 271M, M* = M. 


(6.24) 


Since the basic Hamiltonian Ff(x, y,z) is 27r-periodic in zi it follows from 
dehnition fl4.9p of the operator $ that 

$(f,u*)^<F(f,u). (6.25) 

Next, we have 

o(f) = o(f) — {27rk + 27T^k, —27rk, k). 

Relations fl6.24p imply 

u*-t)(f) =u-o(f) (6.26) 

Recall that u = u(f) satishes the inequality 

||u- o(f)IU/2,d < C2\e\. 
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and d’(f, u) = 0. From this, fl6.25p and fl6.26p we obtain 

= 0) 11^* ~ < C2|e:|, f G G. 

Hence u* = u(f), which along with 06.241) and the eqnality u = u(f) yields 

^(f) + 27r(0,0,0,ei,0,0,0) = ^(f), 
m(f) = m(f) + 27rM(f), M(f) = M(f). 

We can rewrite these relations in the eqnivalent form 

‘F(f) - «(0, 0, 0, ei, 0, 0, 0) = c^(f) - {a + 27r)(0, 0, 0, ei, 0, 0, 0), 

(6.27) 

m(f) + aM(f) =m(f) + (a + 27 r)M(f), M(f) = M(f). 

Recall that these relations holds trne for all f and f satisfying the conditions 

f = (a, fc) G G, f = (a + 27r, k), Re a G [0, vr/2]. 

Since the vector-fnnction u(f) and all its components are holomorphic in a, 
relations fl6.27p imply that the mappings 

f —— (^g(a), f —)■ M, f —)■ m + aM 

are holomorphic in the strip Sp and 27t periodic in a. This completes the 
proof of Theorem 16.21 □ 

7 Dependence on parameters. Jacobi vector 

fields 

7.1 Differentiability with respect to parameters 

Theorem 16.21 guarantees the local existence of solntions to the operator eqna- 
tion 

<l.(f,u)=0. (7.1) 

In this section we investigate in details the dependence of this solntion on 
the parameter f. The result is given by the following 
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Theorem 7.1. Let conditions (H.1)-(H.2) he satisfied and Eq > 0 be given 
by Theorem \6/A Let |e| < Eq and u = u(f) he a solution to equation fl7.ip . 

u(f) = ( 9 ?(a, A;), e(a, k),m{a, k), M{a, k), 

(p{a, k) = (/3, </9o, u, w, Wii, Wi 2 , W 21 ). 

Then the mappings 

M X [0,1] 9 {a, k) u(a, k) e AaiA^d, 

M X [0,1] 9 (a, k) —)■ k) G Xo-/ 4 ,d, 

M X [0,1] 3 (a, k) —)■ w(q!, k) — aei G Aai 2 ,d-, 

M X [0, 1] 3 (a, k) — )■ W (a, k) G Aa 124-1 
M X [0, 1] 3 (a, k) -4- f3(a, k) G 
M X [ 0 ,1] 3 (o, fc) —y M{q.^ kfj G 
M X [0,1] 3 (a, k) —)■ m(Q!, k) + aM{a, k) G 

are continuously differentiable and 2n-periodic in a. Moreover, they are an¬ 
alytic m M X (0,1) and satisfy the inequalities 

||5>IU/2,d + \\df,(po\\a/24 < cWkl, 

||a;(w - aei)||,/ 2 ,d + Wa(W - l)\\a/24 < c{r)\e\, (7.4) 

|a;/3| + |a;(m + aM)\ + |a;(M + k)\ < c(r)|£|, 

and 

\\dM\a/24 + \\dkTo\\a/24 < c\e\, 

||4(w - aei)||<^/ 2 ,d + \\dk(W - l)\\a /24 < c\e\, (7.5) 

|4/3| + \dk{m + aM)\ + \dk{M + A:)| < c\e\, 

where r > t) is an arbitrary integer, the constant c is independent of a, k, 
and E. 

Proof. By virtue of Theorem 06.21) . the mapping Ep 3 f — u(f) G Sa/ 2,0 is 
continuous in the complex strip Ep which contains the real axis. Hence this 
mapping is holomorphic function of a. It is also a holomorphic function of k 
on the interval (0,1). Moreover, Theorem 16.21 shows that (3, (po, u, w — aei, 
Wij, m + aM and M are periodic in a. Since these functions are holomorphic 
in a on the real axis, estimates 07.41) obviously follows from estimates 06.141) 
in Theorem 16.21 


(7.2) 


(7.3) 
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However, this theorem does not guarantee the differentiability of u(a, k) 
with respect to k on the closed segment k G [0,1]. In order to prove estimates 
fl7.5l) fix an arbitrary a G and consider the function u(a, k). In view of 
Theorem 16.21 this function is continuous in the rectangular Re fc G [0,1], 
|Im k\ < p. Hence it is holomorphic on the interval (0,1) and continuous on 
[0,1]. Next the function u(a, k) satisfies the operator equation 

$(f,u) = ($i(u),<I) 2 (u),$ 3 (u),<h 4 (/c,u),<h 5 (u)) = 0, (7.6) 

where the differential operators <hj are defined by 04.91) . It follows from this 
relation that the only 4)4 depends on k via the matrix fl = diag {—k, 1 ) in 
the left hand side of 04.9dD . Since u is analytic function of k on the interval 
(0,1), we can differentiate 07.61) with respect to k to obtain 

u)dk^ + T)e*h(f, u)4e+ 

D^$(f,u)afcm + ZlM<h(f,u)(4M + l) =Z for fcG(0,l). (7.7) 


Here 


Z = (0, 0, 0, Z 4 , 0), Z 4 = diag (1, 0) — W^diag (1, 0)W. 

It follows from estimate 07.4p that 

||- 2 ||o-/ 2 ,o ^ c\e\. (7.8) 

Relation 07.7p can be considered as equation for 


= {dk^p, dkC, dkm, duM). 

Applying to 07.7p Proposition 15.41 with a, ai, and a' replaced by ct/2, a 12, 
and cr/4 we conclude that for a suitable choice of £ 0 , equation 07.7p has a 
unique solution 


(4‘P, 4e, dkm, dkM + 1) = 77(f, u)Z 

Estimate 05.13p for the resolvent 77 in Proposition 05.4|) implies the inequality 
\\dkP\\a/^,d + \dkm\ + \dkM + 1 | < < c\e\, 

which obviously yields 07.5p . This completes the proof of Theorem 17.11 □ 
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7.2 Representation of derivatives. Jacobi vector fields 

In this section we obtain the representation for the derivatives of solutions to 
the modihed problem with respect to the parameters a and k. Let k) = 
(/3, ipo, u, w, hhii, Wi 2 i W 21 ) be a solution to the operator equation fl7.1l) given 
by Theorem 17.11 Let V, W, and v are given by fl3.4p 


V = (I„_i + u')-"", V = /3 + V (V(po - W2WW1 ), 


(7.9) 


W22 = + W12W21). 

For T = a, k denote by and the functions 


^(r) _ yT 

Xir) = W-^drW - xf ^ 


(7.10a) 

(7.10b) 





(7.10c) 


The vector fields and can be regarded as the Jacobi vector 

fields for the invariant tori problem. We also set 


= drm + adrM. 


(7.11) 


Here the matrix A are given by (13.8^ : 

A = -V (w') JW. 

Throughout of this an the next sections we will use the following notation. 
For every integrable periodic function f{^) we set 



(7.12) 


We have the following 


Lemma 7.2. Under the assumptions of Theorem 7.1, the functions 


and the parameter satisfy the equations 


d = —p^'^^'Vwi — ^drM'V{wlY, 

= -drMwlW^eu 
+ T^A^") = 0 
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(7.13a) 

(7.13b) 

(7.13c) 








and the orthogonality conditions 


+ {xW-Vw;i} = 5„., 
{V-T^M} = 0 

Here the matrices S and T are defined by 04.251) 

-d^H 


S = V 


T' 


5y2 

-d^H 


(I + u, v,w)V, 


a2 Tj 

■—(« + u, V, w) V + + u, V, w)V. 


T = W 

In view of fl4.26p and fl7.3p . they admit the estimates 

||S — So||CT/ 2 ,d-l + ||T — To||o-/ 2 ,d-l < c\e\^ 
where the constant matrices So, Tq are given by 

So = ^(0,0), T„ = |^(0.0) 


ay 2 


dzdy 


(7.13d) 

(7.13e) 


(7.14) 


(7.15) 


(7.16) 


Proof. Since u = {(p,e,m, M) is continuously differentiable with respect to 
T = a, k we can differentiate 07.61) with respect to r to obtain 


u)dr(p + De^fif, u)dre+ 


D, 

r,^i{f,u)drm + DM^{fin){drM) + dr^i = 0. 

(7.17) 

, 5. Introduce the functions 





= 

drVL 

-1 d 

(7.18a) 


) = W-^drW 

-xt’w- 

(7.18b) 

ph) 

= 


-i_^W 

(7.18c) 


= V-1 {dr^ + 

(r) d 

- AA(")) 

(7.18d) 

<1 

1 

= 

(27r)^-i , 

f m'"> di, 

(7.18e) 
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Since u, v, w, and W form a canonical mapping in the group the vector 
functions c?t-u, and c?t-W determine the element of the tangent 

space of Q. Hence we can apply Corollary 14.81 of the structural theorem 14.71 
to obtain 

D^^i[dr^] + De^i[dre] + Dm^i[drm] + DM^i[drM] = (7.19a) 

■ (3'^ + drC + OrTTi Wi + drM ^Wl-, 

D^^2[dr‘^] + De^2[dTe] + Dm^2[dTm] + DM^bidrM] = (7.19b) 

+ a^MwiW^ei, 

D^^^[dr^] + De^zldre] + Dm^^[drm] + DM^M[drM] = (7.19c) 

+ S/xM +TTa("), 

L><^<l)5[a^V7] + De^^[dre] + Zl^<l)3[a^m] + Dm^mIOtM] = (7.19d) 

AC) . W^ei + ■ Vwi 

Since D^-^i = 0 we have from equality (17.171) 

+ drC + drm Wi + drM ^wl = 0 (7.20) 

Next we have 

V (av^r + (7.21) 

On the other hand, relations = drfn + adrM and wi = a + wl yield 

V{drmwi + drM^wl) = p^^^Vwl + drM^V{wl)^ (7.22) 

Taking the gradient from both the sides of fl7.20p and using equalities fl7.2ip - 
fl7.22p we arrive at fl7.13ap . Since dr ^2 = 0 h follows from fl7.17p and fl7.19bp 
that 


+ drmW^ei + drMwiW'^ei = 0. (7.23) 

It is easily seen that 

drmW^ei + drMwiW'^ei = + w^W^ei. 
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Substituting this relation into fl7.23p we arrive at fl7.13bp . Next fl7.17p and 
fl7.19cl) yield fl7.13cp since = 0. Next, we have = —Sra- Sub¬ 
stituting this equality and relation fl7.19dp into fl7.17p we arrive at fl7.13dp . 
It remains to note that equation fl7.13el) obviously follows from the equality 
cIt-u = 0 and relation fl7.18ap . 

□ 


Corollary 7.3. Under the assumptions of Theorem \7.1\ we have 

, A^'^), , a(2) , , pU)) , 

(7.24) 


Where * = 1,2 are solutions to the equations 


d = —p^^'^'Vwi, (7.25a) 

3d A(^) + n A(^) + T W^ei = 0, (7.25b) 

= 0 (7.25c) 


■ ei} + ■ Vwi} = 1, (7.25d) 

{V-T^W} = 0, (7.25e) 

and 

dpi^^'^ = -p’^^^Vwi-]^V{wlf, (7.26a) 

3dX^^^ + A^^) -|- T -|-= — r(;5['W'''ei, (7.26b) 

-dX^^'> + ^ rj.T^{2) ^ Q ^.^_ 26 c ) 


{hhA^^) ■ ei} + {^(2) ■ Vwi} = 0, (7.26d) 

= 0 (7.26e) 


In the next section we investigate problems fl7.25p and fl7.26l) in many 
details. 
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8 Linear problem 

In this section we prove the solvability of problems fl7.25p and fl7.26p and 
establish estimates for their solutions in the spaces of analytic functions and 
the Sobolev spaces. First we recall the basic facts from the theory of Sobolev 
spaces on torus. 

8.1 Preliminaries. Sobolev spaces 

For every s G M, we denote by Hg the Hilbert space which consists of all 
distributions u on the tori such that 

|m|^ = ( ^ {1 + \ (8.1) 

where u is the Fourier transform of u. If u is an integrable function, then 
u{m) = (27r)-(’"-^)/2 f 


It is clear that = L^(T" and 


I'^ls ~ ll(~^ + 

For every s' < s" the embedding Hgn ^ Hgi is compact. For every integer 
I > 0 the embedding Hn-i+i ^ is compact. Next, we have 

|wn|<j < c(s)|n| 5 ||n||s for s > n — 1 . ( 8 . 2 ) 

For all — oo < r < s < oo we have the interpolation inequality 

||M||(.+r )/2 < c{s,r)\\u\\y^\\u\\y^. (8.3) 

Recall the estimate |M(m)| < ||m||o-,o exp(—(j|m|). It follows that 

|w|s < c(s, cr)||M||o-^o for all sgM and a > 0. (8.4) 
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8.2 Basic linear problem. 

In this section we prove the solvability of linear problems fl7.25p and fl7.26p . 
We investigate the qualitative properties of their solutions. First we con¬ 
sider the general boundary value problem which includes problems fl7.25p 
and fl7.26p as particular cases. 

d fj, = —pVtui — Vg!, (8.5a) 

J9A-|-f2A-|-T^-|- pW^ei = g 2 (8.5b) 

-d\ + Sfi + T^X = 0 (8.5c) 


{fFA}-ei -h {x-Vwi} = 7 , (8.5d) 

{V-^X} = 0. (8.5e) 

Assume that Wi and W meet all requirements of Theorem 17.11 i.e. 

11"^ ^ ~ I||(t/ 2,0 + ~ Ct)||(T/2,(i + ||W — I||o-/2,d < c|£|. (8-6) 


We also assume that the matrix -valued functions S and T meet all require¬ 
ments of Lemma [7.21 i.e. 


||S — So||(T/ 2 ,d-i + ||T — To||o-/ 2 ,(i-i < c\e\^ 
where the constant matrices So, Tq are given by 


s„ = ^(0,0), 


T„ = 


dzdy 


( 0 , 0 ) 


(8.7) 


( 8 , 8 ) 


Recall that d > 2 is a fixed number. The following theorem is the main result 
of this section. 


Theorem 8.1. Let s ^ be an arbitrary number and a G (1/2,1]. Then 
there is Eq > 0 independent on a and k with the following properties. For 
every |£| < Eq, gi,g 2 £ -^( 7 / 2,0 o^nd 7 G problem fl8.5p has a unique 
solution (/X, A, x) G .4,o-/4,0; p G This solution admits the estimates 

||r||o-/4,0 + ||A||o-/ 4,0 + llxllcr/4,0 + IpI < c(||pi||o-/ 2,0 + ll& 2 lU/ 2,0 + I 7 I)) (8-9) 

|r|s + |A|s + |x|s + IpI ^ c(|pi|s+4n+6 + 1^2 I s-l-4n+6 + |7|)- (8.10) 

IrI < C|g2| + £oc(|(y'l|s+4n+6 + 1021s+4n-|-6 + Ibl) • (8-11) 
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Proof. The proof is in Appendix IE.21 


□ 


We employ Theorem 18.11 in order to investigate the structure of solutions 
to problems fl7.25p and fl7.26l) and to establish robust estimates of these solu¬ 
tions. We start with detailed analysis of problem fl7.26p . The corresponding 
results is given by the following theorem which is the second main statement 
of this section. 

Theorem 8.2. Under the assumptions of of Theorem \8.R there exists > 0 
with the following property. For every |£| < Eq, problem fl7.26p has a unique 
analytic solution ^ G C. This solution admits 

the estimate 


||o-/4,o + ||(t/4,o + II||cr/4,o + |p*'^^| ^ c||r(;j|'||o-/2,o ^ c\e\, (8.12) 

Ia^^^^Io < c£o IKI-n |A®|o + |fc| IAS^^Io > c“^ |tci|_i. (8.13) 

Here the strictly positive constant c is independent of a, k, and e. 

Proof. Notice that problem fl7.26p is a particular case of problem (18. 5 p with 
the right hand sides 

gi* = (wj|')^ g2 = -wtWei, 7 = 0. (8.14) 

It follows from inequalities (18.Op and the identity = wi — a that 

||fi'll|o-/2,0 < cllruji'11^/2,0) l|g2||cr/2,0 < c|| WjJ'|| o-/2,0- 

Applying Theorem 18. II we conclude that problem 07.261) has a unique solution, 
satisfying inequality 08.12p . It remains to prove estimates 08.13P Choose an 
arbitrary t > n. Since the space Ht+i is a Banach algebra, we have 

|V(«.:)7 < KioD^li+i < ck:i?+i. 


On 


the other hand, the interpolation inequality implies 


I * I ^ I * 11 /^ 

Fi|t+i < c|wi|4 


* 0/2 ^ 
d^ll2t+3 — 


I *|l/2 

ckilA 




|l/2 <1/2 

lcr/2,0 — ^^0 


W. 


1/2 
-1 ■ 


We thus get 


|V(wt)% < c\e\ |tct|-i. 


(8.15) 
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Obviously, this inequality holds true for all t G M. Next we have 

ItaJ'Weilt < c||W||^/2,o < c\wl\t. ( 8 . 16 ) 

Now set s = — 1 — 4n —6 and t = —1. Apply Theorem 18.II to problem (I7.26p . 
It follows from the estimate (I8.10p in this theorem and relations (I8.13p - (l8.16p 
that 

+ |A^^^|_4„_7 + |X^^^|_4„_7 + < c|w]‘|_i. (8-17) 

Since s + 4n + 6 = —1, estimate fl8.1ip implies 

< Igil + c£o|w*|_i. 

We have 


g2| = Iw^Weil = |m;^(W - I)ei| < |wi|_i |W - I|i < c^olwtl-i- 


Combining the obtained results we arrive at the estimate 

< ceolwjd.i (8.18) 

Let us estimate . The hrst equation (I7.26ap in system (17.261) reads 

Applying Lemma IE.21 to this equation we obtain 

< C\p^‘^'>\ |tat|4n+7 + c|V(wt)^|4n+6 


It follows from inequality fl8.15p with A = 4n + 6 that 


'M^l|4n+7 < c||wj|'||o-/2,0 < CEq, 


|V(M;i)^|4n+6 < ceoktl-i- 


It follows that 



0 < C^ol'U^il-l- 


Combining this result with fl8.18p we obtain the first estimate in fl8.13p . Let 

( 2 ) ( 2 ) 

us prove the second. Notice that |-i < |o- It follows that 


1-^2 ^lo + 1^1 1-^1 ^|o ^ c ^(|9A2 ^1-1 + \k\ |A^ ^l-i) > 
c-WdX^2^ > c-\\dX^^^* - A; A®*|_i)- (8-19) 
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On the other hand, the second eqnation fl7.26bj) in system 07.261) implies 


d\f* - k = -wl - - I)*ei - K(W^ - I)ei)*. 

We have 


|(WT - I)*|_l < ||(W^ - I)*|U/2,0 < C£o, 

- I)ei|_i < cK|_i||(WT - I) 1 U/ 2 .o < c£oKI-i. 

Next, the hrst estimate in 08.13|) implies 

< C£o \wl\-i. 

Combining obtained ineqnalities we arrive at the estimate 

K + (T/x( 2))* +p( 2 )(w'^ _ I)*ei + K(W^ - I)ei)*|-1 > k!|-i - c£oktl-i, 


which yields 

— k |_i > |tc^|_i — c^ol'U^i 1-1- 
This estimate along with 08.19P implies the estimate 

|A® |o + \k\ |Af^|o > - c£o|wd-i)- 

Choosing Eq snfficiently small we obtain the second estimate in fl8.13p and 
the theorem follows. □ 

Now tnrn to problem 07.251) . Our goal is to prove the existence and 
uniqueness of solutions to this problem and to obtain the asymptotic expan¬ 
sion of its solutions near e = 0. In order to formulate the results we introduce 
the auxiliary denotations. Recall denotations 07.14l) - 07.16p for the matrix T. 
Denote by t^, i = 1,2, the rows of T. They can be regarded al analytic 
periodic functions tj : —)■ Notice that for e = 0, we have ti = 0 

and t 2 = to, where to is the only nonzero row of the matrix To. It follows 
from this and estimate fl7.15l) that 


|fl||o-/2,(i-l + ||t2 — to||o-/2,(i-l < c\e\. 


Recall the denotation 


( 27 r )—1 


I —1 


tid^. 


( 8 . 20 ) 
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Introduce the constant vector 


Mo = Kg Hi. (8.21) 

Our considerations are based on the following algebraic lemma. 

Lemma 8.3. Let k = 0. There is Sq > 0 with the following properties. For 
every |£| < Sq, the system of linear equations 


riAi + T fj,^ Pi Gi — 0, 

t’^Ai + S/Xi = 0, (8.22) 

AiOi = 1. 

has a unique solution Ai G ^i G G C such that 

Ml = Mo + M 2 ) -^1 = Gi ~ (to ■ Mo )®2 + ^^2 (8.23) 

IM 2 I < c\e\ |^^ol, \Pi\ < c\e\ l/j-ol, IA 2 I < c\e\ I/XqI- (8.24) 

Proof. Rewrite the first two equations in the form 

f2Ai + To Hi +pi ei = (To — T)/X]^, 

To^ Ai + SoHi = (Tc[ - T^) Ai + (So - S) Mi- 

Notice that Ai = Ai^ 2 e 2 + Gi. Thus we get the linear system of the equations 
for Ai ,2 and Hi 

Ai, 2 + to ■ = {(To — T)/Xi} ■ e2 

SoMi + Ai, 2 to = (T({ — T )6i+ (8.25) 

Ai, 2 (T([ -T^)e 2 + (So-S)^i. 

Express Ai ^2 in terms of Hi using the hrst equation in fl8.25p . Substituting 
the result into the second equation in fl8.25p we obtain the following equation 
for Hi 


KoHi = (So - S)hi + {(To - T)/Xi}2((To^ - T^)e2 - to) 
-{Hi ■ to)(T([ - T^)g 2 + (TgT - T^)ei, 
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where the matrix Kq = Sq — to (8) tg has a bounded inverse. Using the 
identities (Tq — T )e 2 — to = —12 and (Tq — T )ei = ti, we can rewrite 
this equation in the equivalent form 

KoA^i = (^0 ~ — {(To — T)^]^}2t2 

~(A^i'to)(To — T )e2 — ti 
Thus we get the following equation for 

^1 - A/Xi = -/Xq, (8.26) 

where the linear mapping A : —?• is given by 

A ; /X, ^ Ko-i|(So - S)/Xi - {(To - T)/x} 2 12 - (/x^ ■ to)((T^ - T^)e 2 }. 

In view of estimates (EHj), the mapping A admits the estimate 

|A/X;^| < c\e\ (8.27) 

Choosing Eq sufficiently small we obtain that equation (18.271) has a unique 
solution which admits decomposition estimate (I8.23p with the reminder 

M2 = (i-(i-a)-‘h. 

When equation (I8.27h is solved the vector Ai and the scalar pi are restored 
by the relations 

Ai = ei — (to ■ Mi)e2 

Pi = (To - T)/Xi ■ ei (8.28) 

which gives decomposition (I8.23p with the reminder 

A2 = —(to ■ Mi)e2 

Estimate (I8.24p for A 2 and pi obviously follows from estimate (I8.24p for ^2 
and the decomposition 08.231) for /x^ . □ 

The following theorem, which is the third main result of this section, 
constitutes the properties of solutions to problem 07.26P 
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Theorem 8.4. Under the assumptions of of Theorem \8.R there exists > 0 
with the following property. For every |e| < eo, problem fl7.25p has a unique 
analytic solution £ •^cr/ 4,07 £ C. This solution admits 

the estimate 

||A*^^^||o-/ 4,0 + ||cr/4,0 + ||(t/4,0 + ^ C. (8.29) 

If k = 0, then this solution has the decomposition 

= -plq + = Cei - (^0 • to)e 2 + A^. (8.30) 

Here the the constant C and functions A^ admit the estimates 

|C — l|<c|£|, II Mgllcr/4,0 + ||'^£||o-/ 4,0 ^ cl^l (8.31) 

The constant c is independent of a, k, and e. 

Proof. Notice that problem fl7.26p is a particular case of problem fl8.5p with 
the right hand sides pi* = 0, g 2 = 0 , and 7 = 1 . Hence, the existence of 
a solution and estimate (I8.29p is a straightforward consequence of Theorem 
18.11 It remains to prove decomposition (I8.3ip . 

Now our task is to justify decomposition fl8.30l) . Let /x^, Ai, and pi be 
given by Lemma 18731 Set 

Xi = ^ + xh 

Here is a solution solution to the equations 

dxl = SpL, + T^Xi, 3^ = 0. (8.32) 

By virtue of 08.221) . the mean value of the right hand side of equation 08.321) 
over the torus is equal to zero. Hence this problem have an analytic 
periodic solution. The constant vector ^ is defined by 

^=-(V-^-I)x* (8.33) 

Represent the solution (/xb)^ ^( 1 )^ ^ problem 07.251) in the form 

+ A(^)=CAi + A, X^^''=Cxi + X, = Cp^+p, (8.34) 

where the constant C will be specihed below. The calculations show that 

= 0, (8.35a) 

Ai + f2 Ai + T + piW"'"ei = pi(W''' — I)ei (8.35b) 

-dxi + Spi + T^Ai = 0 (8.35c) 
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Next, notice that V ^ — I = u', which yields 


V-T - I = u' = 0, (V-T - I)xi = (V-T - 
It follows from this and fl8.33p that 

= 0. (8.35d) 


Finally set 

C={{WAi}-ei + , (8.35e) 

Substituting decomposition fl8.34p in equations (17.251) and using relations 
fl8.35p we conclude that the quantities A, x,p) in fl8.34|) satisfy equations 
(18.dll with the right hand sides 

gi=Cpiwl, cjr 2 =-Cpi(W’^ - I)ei, 7 = 0. (8.36) 

In order to apply Theorem (18.11) to the obtained problem (18.51) . we have to 
estimate the the constant C and functions gi, g 2 . In order to estimate C, we 
substitute decomposition (18.231) into the right hand side of relation (I8.35ep . 
We get 

{WAi} ■ ei = 1 + A 2 + ({(W - I)Ai} ■ ei). 

Notice that 


IA 2 I < c|/Xo| < c|e|, |Ai| < c, |W —1| < c\e 
which yields the estimate 


|{WAi}-ei-l| <c|e| (8.37) 

Next, estimate (I7.15P and estimates (17.251) imply the inequality + 

T^Ai||o-/ 2 ,o < c. Hence we can apply Lemma IE.21 to equation (I8.32p to 
obtain ||Xi||cr/ 4 ,o < c. On the other hand, we have |VtCi * | < c\e\. It follows 
that 

Ixi ■ Vwtl = \x*i ■ Vwtl < c|£|. (8.38) 

Combining (I8.37p . (I8.38P and recalling expression (I8.35ep we arrive at the 
estimate 

\C~^ — 1| < c\e\ 
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Choosing |£| < Eq sufficiently small we obtain the desired estimate fl8.3ip for 
C. We are now in a position to estimate the functions gi and g 2 in fl8.36p . It 
follows from estimate fl8.24p for pi and estimate fl8.3ip for C that 

||5'l||a/2,0 < C\pi\\\wl\\^/2fl < ciMolkl) ll5'2|U/2,0 < c|pi 11| W-I|| ^/2,o < 

Applying Theorem 18.11 to the problem fl8.5p with the right hand sides fl8.36p 
we arrive at the estimate 

||m||o-/4,o + ||'^||(t/4,o ^ c|e:||/Xo|- (8.39) 

Finally set 

H + {C — 1)^*1 + /X 2 , Ag = A — (C — l)(to ■ Mo)®2 + CA 2 . 

It remains to note that decomposition fl8.30p follows from decompositions 
fl8.23p and fl8.34l) . and estimates fl8.3ip for pL^ and A^ follow from estimate 
fl8.3ip for C, estimate fl8.39|) for /x and A and estimates 08.241) for and A*. 

□ 


9 Quadratic form 

Let /xh), A*^*^ , given by Theorems 18.21 and 18.41 be solutions to problems fl7.25p 
and 07.26p . We dehne the quadratic form L = {Lij), I < i,j < 2, as follows 

Lij = [ { + riA«) ■ A(^) } di. (9.1) 

Jfn-l 

This form plays the key role in our analysis of the bifurcation equation (14.7p . 
As it will be shown in the next section, the derivatives of the action functional 
are represented in the terms of this form. The following theorem, which is 
the main result of this section, describe the properties of the quadratic form 

dnn). 

Theorem 9.1. Under the assumptions of of Theorem \8.R there exists £0 > 0 
with the following property. For every |e| < Eq, the elements of the quadratic 
form L satisfy the inequalities 


|hl2|<c|£|, |Lii|<C, 

IL 22 I < 11^/2,0 — 


^ < ckP. 


(9.2) 
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If k = 0, then 

|Lii - (27r)’""^KoAio ■ ^ol < c|e||/Xo|^ {Lul < c\e\\fj,Q\. (9.3) 

Here the strictly positive constant c is independent of a, k, and e, the vector 
/Xg is given by fl 8 . 2 ip . 

Proof. We begin with the observation that 

<c(|/x«|o|M(^'i + |A®|i|A(^')|o) 

— c(||/X *-*^110-/4,ollM^'^^llcr/4,0 + ||A^*^||(j/4,o|A^'^^|o-/4,o)- 

Therefore, estimates of \Lij\ from above in fl9.3p obviously follows from esti¬ 
mates fl8.12p and fl8.29p in Theorems 18.21 and 18.41 Let us estimate L 22 from 
below. It follows from the expressions fl2.6p and fl2.9p for J and Q, that 

L22= [ { + kXf^^ - + A^^^aS^^ } d^. 

Jfn-l 

Integrating by parts gives 

L22= [ { S/x(2) . ^( 2 ) + - A®' + 2Xf^dXf^ } dl (9.4) 

Jjn-l 

Next, multiplying both sides of equation fl7.26bp by 62 we obtain 
- 0 Af^ Xf'' + t2 ■ + wjOW^ei ■ 62 . 

It follows that 

2aAf^ - A^^^ = A^^^ + 2t2 • + 2(p(2) + ■ es. 

Substituting this expression into fl9.4p and noting that W^ei ■ 62 = hTi 2 we 
arrive at the identity 

L22= [ { 8^(2) ■ + fcAS'^' + A®' 

Jjn-l 

+ 2Af (t2 ■ + 2(p(2) + wl))Wi2} (9.5) 

Introduce the denotation x = Wi 2 Wff^. Multiplying both side of fl7.26bp by 
xei we arrive at 

— (p^^^ -I- = —x(p*'^^ + tai)ITii = x( 9A2^^ — fcAf^ -I- ti ■ 
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Thus we get 


/ 2Af (t2 ■ + 2(p(2) + wl))Wi2d$, = 

JT"-i 

f { 2A2^^(t2 ■ — xA 2^^9A2^^ + xfcA2^^Af^ — xA2^^(ti • /x^^^)} = 

JT ’^-1 

[ { 2A® (t2 ■ /x*-^^) + -5 x(A 2^^)^ + xfcA^^^A^^ — xA2^^(ti ■ ax^^^)} := Iq- 

Jjn-l 2 

Let us estimate the quantity Iq. It follows from estimates fl7.4p for the matrix 
W in Theorem 17.II and estimate fl7.15p for the matrix = [ti, t 2 ] in Lemma 
17.21 that 

|x| + \d>c\ < c\e\, |t 2 | < c, |ti| < c\e\. (9.6) 

Thus we get 

|Io| < C /" + c|£| / {\\^2^\^ + k\xf^\‘^)d^ < 

Jjn-l 

ckl [ (9-7) 

JT’^-1 JT"-i 

On the other hand, we have 

L22= [ { Sax^'^ ■ A^^'^ + fcA®' + A^')' } + Iq. 

Jjn-l 

It follows from this and fl9.7p that 

L22 > (1 - c|£|)|Af^|o + k\Xf'^\‘^ - c|e|“V^^^lo 


Applying estimates fl8.12p and flS.lSp in Theorem 18.21 we arrive at the in¬ 
equality 

L 22 > c“^(l - cleDIwjd?.! - c\e\\wlW. 

Choosing e sufficiently small we obtain the desired estimate fl9.2p . It remains 
to prove inequalities fl9.3p . Notice that for fc = 0, the equality fia = 0262 
holds for every vector a. Substituting decomposition fl8.3Up into the expres¬ 
sion fl9.ip we arrive at the identity 


Lii — 


/ { SoAXq ■ Mo - (Mo ■ to)^ }d^ + Ii 

Jjn-l 


(9.8) 
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where 


Ii = / (S - So)mo ■ f^od^+ [ ■ (2/Xo + d$, 

JT’^-i JT"-i 

— [ {(J^Ag + f2Ae) ■ Ae + 2 (^q ■ to)Ae^2}, (9.9) 

Jj-n-l 

Estimates flT.lSp for the matrices S and = [ti,t 2 ] in Lemma [7.21 imply 

|S — Sol < c\e\, |t 2 | < c. 

In its tnrn, estimates fl8.3ip in Theorem 18.41 imply 

l/x^l + + IIAel < c|e:||/Xo|. 


Combining these estimates we finally obtain 

|Ii| < c|e:||/XoP- 


(9.10) 


Next notice that 


/ { So/Xq ■ Mo - (a^o ■ to)^ }d^ = (2vr)” ^ 

JT^-i 


KoMo ■ Mo- 


Snbstitnting this eqnality into fl9.8p and using inequality fl9.10p we obtain 
estimate fl9.3p for Lu. It remains to estimate L 12 . Since A; = 0 we have 


Lu= { - (J0A(2^ + nA^^)) ■ (A^^) - Cei) } d^. (9.11) 

Jjn-l 

In view of estimates fl8.3ip in Theorem 18.41 we have 

< c|/Xo5 |A^^^ — Ceill < cImoIj | < c|/XoI 

On the other hand, estimates fl8.12p in Theorem 18.41 yield 

||A^^^||<^/4,o + \\'mu^‘^'>\\^/4^0 + < c|£|. 

This result and the expression fl9.1ip for L 12 lead to the estimate |Li 2 
c|£||/Xol- This completes the proof of Theorem 
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10 Action functional. Proof of Theorem 12.2 


Theorem IQ constitutes the existence and uniqueness of the solution 

u = {(p{a,k),e{a,k)),m{a,k),M{a,k), 

(p{a, k) = {f3, ifo, u, w, Wii, Wi 2 , W 21 ). 

of the main operator equation fl4.16p for every [a, /c) G T x [0,1] and for all 
sufficiently small This means that the vector 

® (‘^) = (u, V, w, V, A, W, Ri), (10.2) 

with the components v, V, W, and Rj defined by relations fl3.8p . determines 
the canonical mapping -d given by fl3.ip . By the definition of the operator 
this mapping puts the modified Hamiltonian into the normal form fl2.8p . 
By virtue of Definition 12. II of the normal form, the modified Hamiltonian has 
a weakly hyperbolic invariant torus. In the phase space, these torus has the 
the parametric representation 

x(|) = | + u(^), y(^)=v(0, z = w(^), ^ G (10.3) 

in which u , w are the components of the vector (p{a,k), and the component 
V of the vector © is defined by the relation fl3.7p . i.e., 

= (3 + V{Vipo-W 2 Vwi), V = (I + u')“^. (10.4) 

By virtue of Theorem 16.21 the main operator equation fl4.16p has an analytic 
periodic solution for all (a, fc) G T x [0,1] and for all sufficiently small e. 
In other words, the modihed Hamiltonian has the two-parametric family of 
weakly hyperbolic invariant tori labeled by {a, k). Notice that Rm(x, y, z) = 
H(x, y,z) -|- mzi + 2~^Mzl, where m = m{a,k), M = M{a,k) are the 
components of the vector u satisfying fl4.16p . Therefore, the hamiltonian H 
has a weakly hyperbolic invariant torus if and only if 

m(a, fc) = 0, M(q!,/ c) = 0 (10.5) 

Relations fllO.Sp give the system of two scalar bifurcation equations for (a, fc) G 
X [0,1]. The difficulty is that the scalars (m, M) are the integral part of a 
solution to the complicated operator equation, and we know nothing about 
their properties. In order to cope with this problem, we notice that every 
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Hamiltonian system has a variational formulation, and its solutions are crit¬ 
ical points of the action functional. For quasi-periodic solutions, the action 
functional can be written as the Perceval functional, see [T6] . 


\1/= / ((cl>-I- 0u)v-I-+ u, V, w)) (10.6) 

In view of Theorem 17.11 the mappings 

M X [0,1] 3 (a, k) u(a, k) G 
M X [0,1] 3 (tt, /c) —)■ v(tt, fc) G 
M X [0, 1] 3 (a, k) -3- w(q!, k) - aei G A/ 2 ,d, 

M X [0,1] 3 (a, A;) — )■ W (a, k) G Aai2,d: 

M X [0,1] 3 (cr, fc) —y M{q.^ fc) G M^, 

M X [0,1] 3 (a, k) -3 m{a, k) + aM{a, k) G M^, 

are continuously differentiable and 27r-periodic in a. Moreover, they are 
analytic in R x (0,1) and satisfy the inequalities 


and 


||5>IU/2,d + \\dy\\a/ 2 ,d < c{r)\e\, 
||a);(w - aei)||,/ 2 ,d + +||5;(W - I)|U/ 2 ,d < c{r)\e\, 
|c?^/3| \d'^{m + aM)\ + |9^(M + A;)| < c{r)\e\, 


( 10 . 8 ) 


\\d^adku\\a/ 2 ,d + W^dkv\\a/ 2 ,d < c|e|, 

||5a5fc(w - aei)\\^i 24 + ||9);afc(W - l)\\a/ 2 ,d < c\e\, (10.9) 

\dl^dk{m + aM)\ \dl^dk{M + k)\ < c{r)\e\, 


where r > 0 is an arbitrary integer, the constant c is independent of a, k, 
and e. It follows from this that the mapping T is a function of the variables 
(a, k), which belong to the Banach space C^([0, l];Mo-/ 2 ,o)- In particular, T 
and dk"^ are continuous in k and analytic in a ’’uniformly” with respect to 
k G [0,1]. 

The following Theorem constitutes the relations between T, m, M and 
the quadratic form (Lij). 
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Theorem 10.1. Under the above assumptions, there is £o > 0 with the 
properties. For every |£| < eg the derivatives of the function ^ admit the 
representation 

da'^ia, k) = (27r)"^“^(m + aM) + (10.10) 

dk'^{a,k) = MdkML22, (10.11) 

k) = (27r)"-iM + + Ln + 2Li25„M + L22{do,Mf. (10.12) 

Here Lij are given by flO.ip . the quantities gi{a,k) satisfy the inequalities 

|q| + l^aQl < c\e\^. (10.13) 

Proof. Differentiation fllO.Op with respect to the variable t, r = a, k, and 
integrating by parts gives 


dr'^i^a, k) = 


f [{uj + du-VyH{^ + u,v,w)) ■ dr^^d^ 

JT"-1 


-f (dv+ VxH{^ + u,v,w)) ■ drUd$,+ 
JT"-1 

/ {dwi - d,,^H{^ + u,v, w)) • drW2 

JT^n-l 

- / [dw2 + + u, V, w)) ■ drWi d$, 

JT"-1 


(10.14) 


Next notice that 


VyH = VyHm, VooH = VxHm, 

9^iif(^ + u,v,w)) + m + Mtci = d^^Hmi^ + u,v,w)). (10.15) 

Recall that the vector (p given by fllO.ip serves as a solntion to operator 
eqnation fl4.16l) . From this and Lemma l4.ll we conclnde that u, v, and w 
satisfy eqnations fl4.1ip . i.e., 


UJ + du = VyHm{$ + u, V, w), 
dv = + u, V, w), + U, V, w). 

Snbstitnting these eqnality along with fll0.15p into fll0.14p we arrive at the 
identity 


k) 



{m + WiM)dT-Wi d^, 


T = a,k. 


(10.16) 
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Recall the denotations 


wi = {2'k) / Wid^, wl = Wi — wi- 




Notice that 


Wl = a + wl, daWi = 1 + dawl, dkWi = dkwl- 


From this and (110.16^ we obtain 

da'^ia, k) = (27r)"'“^(m + aM) + 

dk^{a,k) = M / wldkwld^, 

Jjn-l 


(10.17) 


where 

^1=1 wldc^wl d^. 

Jjn-l 


It obviously follows from estimates fllO.Sp that <^i satishes inequality fllO.lSp . 
This leads to representation fllO.lOp . 

Let us prove representation fllO.lip . Recall formulae flT.lOp which con¬ 
stitutes the linear algebraic relation between the vector held (c?rU, c?rV, 9 t-w) 
and the vector held view of the Second Structure The¬ 

orem fl3.2p this relation has the inverse given by fl3.19p . In particular, we 
have 

d 

drW = WA*'^^ -I- Xi^'^ (10.18) 

On the other hand, relation (I7.24p in Corollary 17.31 yields 




Substituting this relation into identity fllO.lSp with r replaced by k, we obtain 
dkwl = dkw ■ ei = dkM{{W^ei) ■ + Vwl ■ (10.19) 


It follows that 


/ wldkwl d^= (p(^) -F wl)dkwl d^ = 

Jjn-l 

dkM [ { (p(2) + wDW^ei } ■ A(2) d^ + dkM [ { (p(2) + w*)Vn;)'} ■ 


f 'J'n— 1 


I ']pn —1 
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Next, equations fl7.26p imply the equalities 

+wl)Vwl = — 

+OW^ei = 

Combining the obtained results we arrive at the identity 

[ wldkwld^ = -dkM [ ({JdX^^^ 

Jfn-l 

+ ft + T/x(2)) . ^(2) + d ^(2) . ^(2) j (X0.20) 

Equation fl7.26cll yields the identity 

-dkM [ d d$, = dkM [ d di 

= dkM [ (S/x(2) + T’^A^^)) . ^(2) 

Jjn-l 

Substituting this equality into fll0.20p we hnally obtain 


/ wldkwl d$, = dkM / ( ■ n 

Ifn-l Jl’i'-i 


(2) . ^(2) 

- + rj A^^)) ■ A^^)) d^ = dkM L 22 . (10.21) 


It remains to notice that desired identity fllO.llI) obviously follows from 
fllO.211) and identity fll0.17p . 

Our next task is to prove identity fll0.12p . Differentiating identity fllO.lOl) 
with respect to a and noting that d'^Wi = 0 we obtain 


d^'^{a,k) = M / {{daWiY + wld^wl) d^ + R, 

J'ln-l 


where 


^ — {dafn + widaM) d$,. 
Jjn-l 

Since {daWiY = 1 + 2daWl + {daWlY, we have 


( 10 . 22 ) 


(10.23) 


{{daWiY + wld^wl) d$, = {27rY + <t2, 


(10.24) 
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where 

<^2 = / {{do,wlf + wldlwl) d$,. (10.25) 

Estimate fllO.Sp implies that <^2 satisfies inequality fllO.lSp . It remains to 
calculate R. Equality fl7.1ip yields 

dam + widaM = dam + adaM + daMw^ = + daMw^. 

Thus we get 

R = [ + daMwl)daWid$. (10.26) 

Jjn-l 

Next, relation fllO.lSp with r = a gives the identity 

daWi = daW ■ ei = W^ei ■ ■ Vw*. (10.27) 

Substituting this result into fll0.26p we arrive at the identity 


R = [ (p(") + a„MM;*)W^ei ■ A(“) 

Jfn-l 


+ [ + daMwDVwl ■ dt (10.28) 

Jjn-l 

Next, equations fl7.13al) and fl7.13bD in Lemma 17^ imply the equalities 

(p(“) + wt) Vwt = 

(p(“) +OW^ei = -jaA(“) - 


Substituting these equalities into fll0.26|) we arrive at the identity 
R=- f f(J5A^“) + + (10.29) 


On the other hand, equation fl7.13cp with r = a implies 

- [ d d^= [ d d$, 

Jfn-l JT’^-1 

= [ + T^A(")) ■ /x(2) d| 

J'ln-l 
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Substituting this equality into fll0.29p we obtain 


R= - {3d + n A(“)) ■ A(“)) = L22. (10.30) 

J'ln-l V / 

Combining this relation with the equality 

A(“)) = A«) + d^M (^(2)^ ;^(2)) 

and recalling formula flO.ip for Lij we arrive at the expression for R, 

R = Lii + dciM 2 Li 2 + {daM)"^ L22: 

Substituting this expression and equality fll0.24p into fllO.221) we obtain de¬ 
sired identity fllO.ldp . This completes the proof of Theorem llO.il □ 

The following proposition is a direct consequence of this theorem. 

Proposition 10.2. Let all assumptions of Theorem lid.il be satisfied and 


k = 0. Then the third derivative o/T admits the estimate 

|a3T(a,0) - (27r)’^-ia„M| < c\e\{\M\ + |pol + KM\). (10.31) 

Proof. It follows from representation (I10.12p in Theorem 110.11 that 

= (27r)"-ia„M + q2daM + a„<^2M + Ii + I 2 , (10.32) 

where 

Ii = d^Lii -|- 2daMdaLi2 -|- {daM)'^daL22, (10.33) 

I 2 = 2dlMLi2 + 2{daM)dlML22 (10.34) 

The rest of the proof is based on the following 
Lemma 10.3. Under the assumptions of Theorem MO.Si 

|aQ,Tii| < c|£||/Xg|, |aQ,Li 2 | -|- |aQ,L 22 | < c|e|. (10.35) 


Proof. First we estimates the vector helds pO) ^0)^ i = 1,2. We begin 
with the observation that relations in view of the identities fl7.24p . 

(p(2)^A(=^)) =dkM-^ (p(^),A(^^), 

(m“.aW) = -a„M (m®.a<^'), 
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In its turn, equalities flT.lOp establish the following relations between the 
vector helds and the derivatives of the vector helds u, v, and w, 

i.e., 

^(r) _ 

^(r) ^ V-' (a.v + |rv - AA(")) . 

These identities along with estimates (llO.Sh and (llO.bh imply 

||5aM^^^II<7/4,0 + ||5«A(^)||<^/4 ,o < c|£|, T = a,k. (10.37) 

On the other hand, inequalities fllO.91) yield 

\dkM~^\ < {1 — c\e\)~^ < c, \dkdaM\ < c\e\. (10.38) 

Inequalities fll0.37p - fll0.38p and the identity 

lead to the estimate 

|c?Q,(/x^^\ A^^^)| < c|e:|. (10.39) 

Next, it follows from fll0.36|) that 

a„(^«,A«) = a„(A^(“^A(“))-a2M(/x(2),A(2)) 

This relation along with inequalities fll0.9p and fll0.39p yields the estimate 

(10.40) 

The differentiation both sides of equality fl9.ll) with respect to a leads to the 
representation 

daLij = aij + [ { 

+ . [ { - (J^A(^) + nx^^^) ■ a„A® } dt (10.41) 

Jfn-1 
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where 


O'ij 


■ fj,^^ d^. 


Estimate fl8.12p in Theorem 18.21 and estimate 08.311) in Theorem l8.4l yield the 
inequality, that 


|cri2| + |cr22| < c|/x(^)|o|m^^^|o + |(Tii| < < c \ e \\ no \. 

(10.42) 

On the other hand, we have 


[ { S/r® • } d$. 


<c(|/x«|o|a„/x^^^ + |A^‘^|i|a„A^^^). 


,(j) 


(*)i 


di)l 


Combining this inequality with estimates fll0.39p - 010.40p we arrive at the 
estimate 


[ { S/i« • - (jaA^*) + nA^*)) ■ a„A(^) } d$, 

Jln-l 


< c\e\{\^i^^^\o + |AW|i) < c\e\, 

which along with 01O.42P yields the estimate 01O.35P for daLi 2 and daL 22 - 
It remains to estimate daLu. Since A; = 0, we have 

jaA(^) + nA^^) = jaA^i) + A(^) ■ 62 . 


Substituting decomposition fl8.30p into this relation and using estimate 08.311) 
we obtain 


-I- OA^^^I = |J 9 Ae -I- (^^o ■ to) + Xs ■ 62! < c|^^ol• 

Combining this result with the estimate < c|/Xq| and estimates 01O.39P - 
010.401) we arrive at the inequality 


[ { - {JdX^^^ + 0A(^)) • d^X^^^ } 

Jjn-l 


< c\e\ 


A^ol 


Combing this inequality with estimate fll0.42p for an and identity 010.411) 
we hnally obtain that \daLn\ < c\e l/Xgl- This completes the proof of the 
lemma. □ 
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Let us turn to the proof of Proposition IIP.31 Applying Lemma 110.351 we 
obtain that the quantity Ii given by fll0.33p satishes the inequality 

|Il| < c\daLii \ + c\daM\{\daLi2\ + 1^0^221) < c|£||^tQ| + c|£||9q,M|. (10.43) 

On the other hand, estimates (19.2p and (19.3p in Theorem 19.41 imply the fol¬ 
lowing estimate for the quantity 1 2 given by fll0.34p 

II 2 I < c|Li 2 | c\daM\\L 22 \ < c|£||/Xo| + c\e\\daM\. (10.44) 

Substituting fll0.43p and fll0.441) into identity fll0.32|) we arrive at the esti¬ 
mate 

|a3T(a,0) - {2TTf-^do,M\ 

< c|e:||<^2||'9aM| -F c\e\\da<. 2 \\M\ + c\e\{\daM\ -F |/Xo|) 

Recalling estimate (110.131) in Theorem 110.11 for the quantity <^2 we hnally 
obtain the desired inequality 

|a3T(«,0) - (27r)"-ia„M| < c\e\{\M\ + \d^M\ + 

and the proposition follows. 

□ 


10.1 Proof of Theorem 12.21 

We are now in a position to prove Theorem 12.21 which is the main result of this 
work. We begin with the observation that by virtue of Theorem 16.21 the main 
operator equation (I4.16p has an analytic periodic solution {tp, e, m, M) for all 
(a, fc) G X [0,1] and all |e:| < £o- This solution dehne the vector ©((p) = 
(u, V, w, V, W, A, R) such that the corresponding canonical mapping -d put 
the modihed Hamiltonian Hm = H + mzi + 2~^Mz‘f into the normal form 
(12.Sp . In particular, the modihed Hamiltonian has the weakly hyperbolic 
invariant torus for every {a,k) G x [0,1]. Recall that m and M are 
functions of the variables a and k. Hence Theorem 12.21 will be proved if we 
prove that the bifurcation equations 

m(a, k) = M(a, /c) = 0 (10.45) 
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have a solution (oq, ko) G x [0,1]. We claim that such a solution can be 
dehned as a minimize! of the action functional k) given by fllU.bp . i.e., 

\['(ao,fco)= Klin \b(a, fc). (10.46) 

(o,fc)GT^ X [0,1] 

The proof of this fact falls into the sequence of lemmas. The hrst lemma 
shows that every minimizer [aojk^), k^ > 0, of the action functional serves 
as a solution to the bifurcation equations. 

Lemma 10.4. Let all assumptions of Theorem fllO.ip be satisfied. Further¬ 
more, assume that 

4/(ao,fco)= Klin 4 /(q;, fc) and T(ao, 0) > T(q;o,/cq). (10.47) 

(o,fe)GTlx[0,l] 

Then m(ao, fco) = M{ao, kfi) = 0. 

Proof. Let us prove that L22{o.Q,k) > 0 everywhere on (0,1) but countable 
discrete set. Notice that the mapping [0,1] 3 /c —)■ w\{aQ,k) G is 

continuously differentiable on [0,1] an is analytic on (0,1). If wl is not 
identically equal to zero on (0,1), then there is a countable discrete set {ki} C 
(0,1) such that |rci|-i > 0 outside of this set. It follows from this and 
estimate fl9.2p in Theorem 19. II that L22{ao, k) > 0 for k ^ ki. 

Let us show that the case when wl{ao, •) identically equals zero on (0,1) 
is impossible. In view of fl9.2p . the identity wl{ao, •) = 0 on (0,1) implies the 
identity L 22(«05 •) = 0 ok (0,1), and hence implies the identity dk'^^ao, •) = 
MdkML 22 {ao, ■) = 0 on (0,1). The latter is impossible since \I'(ao,0) > 
^/(ao, ^o)- Therefore, L22(ao, fc) > 0 for all k ki. 

Let us prove that ko < 1. It follows from inequalities fllO.Op and fllO.ip 
that 

\dkM + 1| + |M + A;| < c\e\. 

Hence for all sufficiently small £ we have 

dkM < -1/3, M < -1/3 for k > 1/2. 

Since L 22 (ao,^) is strictly positive a.e. in (0,1), it follows that 4/(ao,fc) 
strictly increases on (1/2,1]. Hence ko < 1. From this and the conditions of 
the lemma we conclude that 0 < fco < 1- 

Let us prove that M{ao,ko) = 0. Notice that for all sufficiently small 
l^l, we have dkM > —1 + c\e\ < 0. Hence dkML 22 {ao, k) < 0 almost every¬ 
where on (0,1). Next, identity fllO.llI) in Theorem 110.11 implies clfcd'(ao) k) = 
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MdkML 22 {(yo, k). If M{ao,ko) ^ 0, then the function '^{ao,k) is strictly 
monotone in a neighborhood of /cq- This contradicts to the assumption that 
(ao, ko) is a minimizer of T. Hence M{ao, fco) equals zero. 

It remains to prove that m(ao, fco) = 0. To this end, notice that identity 
fllO.lOl) in Theorem 110.11 along with the equality M{ao, ko) = 0 yields 

0 = c?aT(ao, ko) = (27r)"“^(m + aM) + qiM = (27r)"“^m(ao, ko), 

which completes the proof. □ 

Lemma 10.5. Let all assumptions of Theorem fllO.ll) be satisfied. Further¬ 
more, assume that 


T(ao,0) 


min T(a, k) and KnWn ■ Mn < 0. 

(a,fc)GTlx[0,l] i-u r-u 


(10.48) 


Then m{ao, 0) = M(ao, 0) = 0. 

Proof. We split the proof into two steps. 

Step 1. First we prove the lemma under the additions assumptions that 


||wj['(ao, A:)||o-/ 2 ,o > 0 for a.e. fcG(0,1). (10.49) 

Let us prove that M(ao,0) = 0. Suppose, contrary to our claim, that 
M{ao,0) 7 ^ 0. Notice that dkM < —1 + c\e\ < 0. On the other hand, esti¬ 
mate fl9.2p in Theorem 19.11 yields L 22 > Hence dkML 22 {ao, k) < 0 

almost everywhere on (0,1). If M{ao, 0) > 0, then ^(ao, k) strictly decreases 
in a neighborhood of fc = 0. This contradicts to the assumptions that (ao, 0) 
is a minimizer of T. Hence M(ao,0) < 0. Next, representation (I10.12p in 
Theorem 110.11 yields the inequality 


0 < dl^{ao, 0) = (27r)’^ ^M{ao, 0) <^2M{ao, 0) 

+ Tii(cro, 0) -|- 2Li2daM[ao, 0) -|- L22daM{oi0i 0)^ (10.50) 

In view of Theorem 110.11 we have |<^ 2 | < c\e\. Hence the inequality 

|M(ao, 0)1 = —M(ao, 0) < Lii(ao, 0) -|- 2Li2daM{ao, 0) -|- L22daM{ao, 0)^ 

(10.51) 

holds true for all sufficiently small e. Next, estimate fl9.3p in Theorem fl9.ll) 
implies the inequality 

Lii -h 2\daM\\Li2\ < (27r)'^"^KoAto ' Mo + ckllMoT + c|£||M oI 

< (27r)’^“^KoPo ■ Mo + ckllMoP + c\e\\do,M\^. 
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Recall that 


-c VoP < l^oRo ■ Mol < -c|MoP 

for some positive constant c independent of £. From this we conclnde that 

Lii + 2|c?q,M|IL 12 I < Kq^o ■ Mo + c|e:||5cfM|^ (10.52) 

for all snfiiciently small £. Snbstitnting this ineqnality into fll0.5ip and noting 
that L 22 < ce^ we conclnde that 

|M(ao,0)| - KoMo ■ Mo < c\e\\do,M\^ , 


which gives 


|M(ao,0)| + I/XqI^ < c\e\\daM\^, (10.53) 

It follows from representation fll0.50p and estimates fl9.2p . flO.Op in Theorem 
19.11 that 


0 < ^^^(aojO) < c|M(ao,0)| + |Lii(ao,0)| + 

2 \Li 2 \\daM[aQ, 0)1 + \L 22 \daM[aQ, 0)^ < c|M(ao, 0)| + c|/Xq|^ 

+ c|£||/Xo||a„M(Q;o,0)| + c|£||a„M(ao,0)p 

Snbstitnting estimate fll0.53p into the right hand side of this ineqnality we 
obtain 

0<5^T(ao,0) < c|e:| |cIadT(Q;o, 0)1^. (10.54) 

Let ns estimate the third derivatives of T. Combining ineqnality fll0.3ip in 
Proposition 110.21 and ineqnality fll0.53p we obtain 

|a^T(Q;o,0) - (27r)’""^a„M(Q;o,0)| < c\e\\do,M{ao,^)\. 


It follows that the ineqnality 

|a3T(ao,0)| > \d^M{aoM (10.55) 

holds for all small e. Since \I'o(a!o 5 0) is analytic and takes the minimnm at 
point ao we have the Taylor expansion 

0 < T(q!o + t, 0) — T(q!o, 0) = At^ + Bt^ + (10.56) 

where 

kl = 0), B = 0), , 1^1 < C 4 , 
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where C 4 is independent of e. Notice that this relation holds true for all 
t G Mh Estimates fll0.54p and fllO.SSp imply the inequalities 


\A\ < C2\e\\do^M\\ \B\>6-^\d^M\. 

Now set t = —6B, where S are an arbitrary positive number. We have 

0 < d'(ao + t,0) - d'(ao, 0) = At'^ + Bt^ + Ct^ = 

B^6^{AB-^6-^ - 1 + (JC') (10.57) 

Notice that \AB~‘^\ < c\e\. Obviously, the right hand side of fll0.57p is 
negative for 5 = and small e . This contradiction proves the equality 
M(ao,0) = 0. It remains to note that the equality m{ao,k) = 0 obviously 
follows from the relations 

0 = 0) = (27r)”“^(m + aM) + <^iM = (27r)”“^m(ao5 0). 

Step 2. It remains to consider the degenerate case when k) = 0 for 

all k G [0,1]. In view of estimate (I8.12p we have in this case 

A^^^(ao, fc) = 0, fc) = 0 for all fcG[0,1]. 

Recalling representation fl9.ll) for we conclude that 

Li 2 {c(o, k) = 0, L 22 {ao,k) = 0 for all /cg[0,1]. (10.58) 

It follows from this and formula (110.111) that dk'^lao, k) = 0 and hence 

^(ao,k)= min \h(Q;,/) for all fcG[0,l]. (10.59) 

(a,0eTix[0,l] 

In other words, T, the whole segment {ao} x [0,1] consists of the minimizers 
of \h. 

Let us prove that there is fco ^ [0,1] such that M{ao,ko) = 0. We 
begin with the observation that |M(ao, 1) + 1| < c\e\. Hence, M{ao, 1) < 0 
for all sufficiently small e. Therefore, it suffices to prove that M{ao,0) > 0. 
Suppose, contrary to our claim, that M{ao, 0) < 0 Since (oq, 0) is a minimizer 
of T and L 12 = L 22 = 0 for a = Oq, representation fll0.12p in Theorem 110.11 
implies the inequality 

0 < c)^\h(Q!o, 0) = (27r)"' ^M(ao, 0) + <^2M{ao, 0) + Lii(ao, 0). 
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It follows from this, estimate fl9.3p in Theorem 19.11 and the ineqnality |<^ 2 | < 
c\e\ that 

0 < a2T(«o,0) = (27r)’*-iM(«o,0) + 

Ko/Xq ■ Mo + c\e\\M{ao,0)\ + c|e||AioP- (10.60) 

Recall that M{ao,0) < 0 and Kq/Xq ' Mo — It follows from this 

that the right hand side of fllO.601) is negative for all snfficiently small e. 
The contradiction prove the ineqnality M(ao,0) > 0. Since M(ao, 1) is 
negative, there is ko snch that M{ao,ko) = 0. On the other hand, T takes 
the minimnm at the point (ao,fco). It follows from this that c?aT(ao, fco) = 
(27r)"“^m(ao, ko) = 0. This completes the proof of the lemma. □ 

It remains to note that the statement of Theorem 12.21 is a straightforward 
consequence of Lemmas I1U.4I and 110.51 


A 


Proof of Theorem 


ST 


Let x? is dehned by fl3.ip . It follows that 


/ All 

0 

0 ^ 


Mn 

AJl 

Aji\ 

j A21 

A22 

A23 

0 

A22 

0 

\ A31 

0 

A33 J 

f 1 

V 0 

A23 

A33 / 


where 

All = I + u', ^22 = V, ^433 = W, 

A 21 = + (V77)^ + (AC)^ + -(C^R-C)^! 

ylgi = w' + (WC)^, A 23 = A + RC- 

Here notation RC stands for (n — 1 ) x 2 matrix with the entries 


(1 A) 


(2 A) 


{RC}ip = {RijpgCg, 1 < i < n - 1 , p = 1 , 2 . (3 A) 

Substituting (II Ap into the equation J 2 n'&' = J 2 n we obtain nine matrix 
equations. Four of those are nontrivial: 


AJ1A22 = I, AJ3JA33 = J, 
^n^23 + AJ]^JA33 = 0, 
A7iA2i — A^iAii + AJiJAsi = 0. 
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(4 A) 
(5 A) 
(6 A) 















The remaining five equations are either trivial or can be obtained from 
fl4 Ap - fl6 Ap by transposition. Equations fl4 Ap along with fl2 Ap give 


W^JW 


V = (I„_1 



J or equivalently det W = 1. 


(7 A) 


In view of fl2 Ap we can rewrite equation fl5 Ap in the form 
A + RC =-F(w^ +(WC)^)^ JW for all C e 


It follows that 

A = -F(w^)^JW, (8 A) 

and 

RC = -V (WC)^^ JW for all C e 
Recalling the identities 

{R C}« = Rij, C„ {(WOp},, = C,) 

we obtain 

R^,,^ = -V^k ioT all C e Ml 


Since the matrix R* is symmetric, we obtain 


Rj 


-r.4(w^) 


JW. 


(9 A) 


Let us turn to equation (16 Ap . It is equivalent to the system of four matrix 
equations 


iv-'(C^RC)J - + (wc);b(wc)' = 0, (10 A) 

V-‘(AC)J - (AOpV-T + (w)'’'j(W<)' + (W<)''"j(w)' = 0 (11 A) 

V-‘(Vr,)J-(V^)yV-T = 0, (12 A) 

V-‘(v)J - (v)yv-T + (w)yj(w)' = 0, (13 A) 
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which hold true for all ^ G and for all r] G Let us proof that 

equations fllO Ap - (112 Ap are consequence of (17 Ap - fl9 AH . We start with 
equation (IIP Ap . It follows from (17 Ap that 


X = ^ + u(0, V = (I + u')-^ = (x^-^ = 

and hence 

I-=’^■ 4 ' 

Multiplying both sides of equation fllP Ap by from the right and by V 
from the left we can rewrite this equation in the equivalent form 

+ (WOLJ (WC)1 = 0 (15 A) 

In view of (19 Ap . we have 


yicc = -C’‘^tg^(wT)jwc = -C^gj-(WT)JWC, 


which implies 

Thus we get 
1 




dxj V dxi 


i{(C-RC)' - (C-RC)d},^ = 


1 d /dw^ , 1 dW^ ,aw 




2 dxi V dx 


2 V dxj dxi dxi dxj 


c 


(16 A) 


On the other hand, we have 


{(wc):b(wc):p^c^(^.^)c 


Noting that C ' for every matrix A and setting 



































we arrive at the identity 




)c (17 A) 


Combining fll6 AD and fll7 Ap gives fll5 Ap . Hence fl7 Al) and fl9 Al) imply 
flip Ap . Let us turn to equation fill AD . Arguing as before we can rewrite it 
in the equivalent form 


(AOL - (Aoy + (w)l .J(wc)l + (Wi;)l .J(w)l = 0 (18 A) 

Next, equality fl8 Ap yields 

A = -VVgwJW = -V^wJW 

which leads to 




and hence 


{(AOL-(Aoy}« = ^J^(wc) 


d 

*J 


wc) . 


uj Kjjol V . dxi dxj 

This relations can be rewritten in the matrix form 

(A<)i - (AOL = -(wi)Tj(WOi + ((wyTj(WC)y^ (19 A) 
Notice that 

((wy v(woy’' = (woyj^Kii = -(woyj^ttii 

Combining this result with fll9 Ap we arrive at equation fll8 Ap . Since the 
latter is equivalent to fill Ap . we obtain that fill Ap follows from fl7 A^ - 
fl8 Ap . Now consider the equation fll2 Ap . In view of identities fll4 Ap it can 
be rewritten in the equivalent form 

(V77)JV’' - V(V>7)y = (V,,); - {VvYJ = 0. (20 A) 

On the other hand, formula fl7 Al) yields 
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Hence 


{(Vr;)'= 


dxidx, 


■'ll 


Hence the matrix {yrf)'^ is symmetric, and (120 All is a straightforward conse- 
qnence of (17 All . Thus we show that equations (110 A[l - (112 Ap directly follows 
from (17 Ap - (I9 Ap . Let us consider equation (113 AD . We prove that it is not 
trivial and leads to the desired representation v. It follows from (17 Ap that 
equation (113 Aj) can be written in the form 


dii dij 


d \9vk , dwidw2 dwidw2 „ 


d^i dii dij d^i dii 


l<i,j < n-1, 


which is equivalent to 


d{^k + Uk) A dvk + dwi Aw2 = 0. 


Next, multiplying (113 Ap by V from the left and by from the right we 
obtain 


v^V"^ — Vvg"^ + V(wg)'^J’w^ = Vj; — + (w(,)'''jw(, = 0. 

This means that 


d 

dxj 


dvj 

dxj 


dvj 
—- + 
dxi 


dwi dw2 
dxi dxj 


dwi dw2 
dxj dxi 


/ dwi\ d ( dw\\ 


0 


Since v and w are analytic an 27r-periodic, it follows that there exist analytic 
27r-periodic function (po with zero mean value and a constant (3 G such 


that 


A + 


d<^o 

dxi 


Vi + W2 


dwi 
dxi ’ 


this leads to the desired representation for v 


V = /3 + Va;(^o - W2^xW2 = /? + V “ 102 ^^x 02 ). (21 A) 

Formulae (17 AD - (I9 Ap and (121 AD give general solution to equation 'd'"^i 2 n'&' = 
J 2 n and completely determine the totality of canonical mappings i9. □ 
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B Proof of Theorem 13.2 


B.l Proof of (i). 

Choose an arbitrary analytic 

= (/ 3 , (^ 0 , u, W, Wu, Wi2, W21) 

and consider the vector held 

©M = (u,v,w,V,A,W,R,), 
dehned by fl3.8p . Next, choose an arbitrary 

Y = (i/, 'ipo, X, A, Fii, ri2, r2i) G Xa,d-i{r), 
and set fj. = u + V'lpo, T 22 = —hn. Onr task is to hnd the vector held 
6(p = {5(3,5ipo, (5u, (5w, 5Wii, 5Wi2,5W2i) 
snch that the corresponding mapping 

5© = (5u, 5v, 5w, 5V, 5W, 5A, ). 

given by (I3.12p and (I3.13p . satishes the eqnations 

+ u(0) ^ X = 


and 


d 

+ AA, 

dii 

d 

+WA, 

dii 

5^ = Xi J-w + wr, 

oii 


^^ = Xi^V-VV^X, 
dii 

5K = Xi J-A + VV^(JA) + A^R - AF, 

d d 

+ RT + (RjF)''' + 

C'sp C's/c 


(IB) 

(2B) 

(3B) 

(4B) 

(5B) 

(6Ba) 

(6Bb) 

(6Bc) 

(6Bd) 

(7Ba) 

(7Bb) 

(7Bc) 
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where A'''R is (n — 1) x 2 matrix with the entries (A^R)jj = Ri^jp Xp- Recall 
that by definition of T, 

fx = u + Vi>o (7Bd) 

Notice that relation fl6Bp - (l7Bp coincide with desired relations fl3.19ap - p.l9gP 
in Theorem 13.21 In order to obtain the full system of relations fl3.19p we have 
supplement fl6BD - (l7BD with the expression P.19hH for 5j3 and 


6(3 = u, 6(po 


d d 

'Ipo + W26W1 + Xi - W2Xi -u u, 

oii oii 


(8B) 


where u and '00 are the components of the given vector T. The system 
of equalities fl6Bp - fl8Bp is equivalent to fl3.19p . It is important to note that 
the left hand sides of these equalities are the components of vector fields dip 
and S&. They are not independent and should satisfy relations fl3.13p which 
constitutes the connection between 5© Sep. Hence, relations fl3.13p give the 
extra five equations 


5V = -VVg(5uV, 

6W22 = T^(Wu6 W21 + W216W12 - W226WU), 
ITr ^ 


(9Ba) 

(9Bb) 


6 v = 6(6 + V(V(5</9o — W 2 V 6 W 1 — 6 W 2 VW 1 ) + hV (V 930 ~ uj 2 ^uji), (9Bc) 

hA = -hV Vw JW - V V(5w) JW - W Vw J hW, (9Bd) 

6R, = -5I/,,_(W^)JW - 

(9Be) 

The obtained extended system fl6BD - (l9Bll is overdetermined and we have to 
prove that it satisfies compatibility conditions. The assertion (i) of Theorem 
13.21 will be proved if we prove that system fl9Bj) is a consequence of equations 
fl6BD - fl8BD . The proof falls into five steps. 


Step 1. Let us show that equalities fl6Bj) and fl7Bp yield fl9Baj) . We be¬ 
gin with the observation that equality fl6BaD along with relation fl3.4al) in 
Theorem 13.11 implies x = V^5u. From this we obtain 


Xk^V = Vnk6Un^V 

oik oik 


(lOB) 
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Next we have 


d ^ dVnn ^ -rr d6U„ 

{VVxjij = Vik-^{Vnj 6Un) = Vik 6Un + VikVnj 


Combining this result with fllOBD we arrive at 




VnkdV, 




d^k 


-V,k 


dVn, 


dik 


- VikV, 


nj 


d5Un 

dik 


(IIB) 


Next notice that Vnkd/d^k = d/dxn and Vij = d^j/dxi. It follows that 


K 


dik d^k dxn^dxiJ dxi\dx^ 


= 0 


Substituting this equality into flllBp we arrive at the equality 

dV 

Xfc7^-VVC = -VV<5uV, 
oik 


which along with (l7BaP implies fIQBap . 


Step 2. Let us prove that fl6Bp and fl7BD imply flQBbl) . Notice that flQBbl) 
is equivalent to the equality 

JW + J(5W = 0. (12B) 

It follows from fl6Bdl) that 

O r\ 

6W^JW + W'^J6W = Xi( JW + + 

vae. dii J (13B) 

(wr)^jw +w’^jwr. 


Next, relation fl3.4bD in Theorem 13.II yields W^JW = J. It follows that 

^ A 

+ W'^J^W = 0 

oii oii 

and 

(wr)^jw + w^jwr = j + jr = jr - (jr)^ = o 

since the matrix JF is symmetric and = —J. Substituting these relations 
into fll3Bp we obtain fll2BD and the assertion follows. 
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Step 3. Let us prove that equalities fl6Bp - fl8Bp imply (l9Bcp . It is necessary 
to prove that the right hand side of fl6BbD coincide with the right hand side 
of fl9BcD . Let us calculate step by step all terms in the right hand side of 
fl6BbD . Relation fl6BaD and the identity Vikd/d^k = d/dxi imply 


d 




On the other hand, relation fl3.4fp in Theorem 13.11 yields 


(MB) 


V = /3 + - W 2 VxWl. 

Combining these results we arrive at 

d d 

= ^Ui — {Vx^o-W2VxWi). (15B) 

Next, relation fl3.4cp in Theorem 13.11 implies 

A = -V Vjw J W = -V„w JW. 

In its turn, it follows from fl6BcP that 

A = w = — 5uiW ~^—— w. (16B) 

dii dxi 

Thus we get 

AA = Va;W J wj — Va;W J dw = Vx{w25wi) — 

{5w2VxWi +W2Vx5wi) + [SUi^W'^VxWl - [SUi-^W^VxW2 

Combining this result with fllSBp we arrive at 

d 

+ AA = Vx{w25wi) - {5w2VxWi + W2Vx^Wl) + 

oii 

^ ^ , d 9 . 

OUi WxK-T^—^^O - W27^Wl)- 
OXi OXi 


(17B) 


Next notice that 


( d cy \ 

6Ui{ — ^po - W2-^Wi)j - Vx{5u){Vx^o - W2VxWi). 


OUiVxi-7^‘^0 - W2T^Wi) = 
OXi OXi 

d 
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Hence we can rewrite fll7Bp in the form 


Xi-^^ + AA = Vx (w 26 wi + 6ui^(po - 6uiW2i^wi] - 

O^i V OXi OXi / 

{6w2V^Wi + W2VxSWi) - Va;(5u)(Va;(^0 “ W2VxWi). 


d 


d 


(18B) 


On the other hand, the identity Vx = VVg and relation flQBal) . which we 
have been proved in Step 1, imply 

Vx(5u)(Vx</?0 - U! 2 V^Wi) = -5V{V^ipo - W 2 V^Wi) 

Moreover, as it was mentioned above, we have 6ukd/dxk = Xkd/d^k- If 
follows from this and fllSBp that 


d f d d 

+ AA = YV^\w25wi + Xi-^^o - XiW2-^Wi 

V ((5tC2V^tci + W2V^5wi) + 5V (Vg</9o — W2V^wi). 


(19B) 


Let us consider the term in expression (l6Bbp for v. It follows from (l7Bdp 
that 

V/x = Vi/ + VVgV>o- 

Next notice that 

Vi/ = VV^(i/-^) = Vx(^'-^) = Vx(^'x—i/-u) = I/—Vx(^'-u) = i/—VV^(i/-u). 

Thus we get 

V/x = 1/ + VVg(V’o — 1/ ■ u). 

Combining this result with fllQBp and recalling formulae fl6Bbp for 5v and 
for ipQ we hnally obtain 


d 

(^v = XiTprV + AA + V^ = 1/ + VV5(po- 
oii 

V {5w2Y^wi + W2V^Swi) + SV (V^(fo — u’2V^wi), 

which obviously yields fl9BcD . 
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Step 4. Let us prove that equalities fl6BD - fl7Bp imply fl9Bdp . It follows from 
fl7Bb[) that 

(9A 

5A = Xi —+VV5 (JA) + ATR-AB. (20B) 

Arguing as in the proof of (I14BP and using the identity Vikd/d^k = d/dxi 
we obtain 

VV^PA) = V,(JA). 


Thus we get 


dK 


6K = 5ui^ + V^(JA) + A^R - AT. 

OXi 


Next, it follows from the relation fl3.4dp in Theorem 13 .1 1 1hat 


(21B) 

(22B) 


dW^ dW^ 

R* = -V,k J W = —J W 


d^k 


dxi 


(23B) 


Here A R is (n — 1) x 2 -matrix with the rows A Rj, 1 < i < n — 1. It 
follows from fl23Bp that 


X^Ri = -A^^^ JW = 

OXi 


f) f)X^ 

•—(A^W’^)JW + W^JW. 

OXi OXi 


Noting that in view of relation (I3.4bp in Theorem 13.11 we have JW = 
J = —J^, we obtain the expression for the rows A''^Rj of the matrix A^R 


A^R, = 


~(wa)Tjw-A( jAy. 

OXi OXi 


which leads to 


A' R = -V^(WA)JW - V^(JA). 


On the other hand, equality fl6BcD yields 


A = W-i (dw- Xi^) = W'l (dw - 6ui^) 


d^i' 


dw 


* dxi J 


Substituting this relation into the latter identity we arrive at 

A^R = -V,(5w)JW + JW - V.(JA) 


(24B) 
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Let us calculate AF. Equalities fl6Bdp . the identity VV^ = V^;, and equality 
(IQBall . which we proved in Step 1, implies 

dW dW 

r = . (25B) 

o^i dxi 

On the other hand, equality fl3.4cp yields A = —V 3 ;(w)JW. Thus we get 

dW 


AT = -V^(w) J(5W + (5ui(V,,w) J 


dxi 


Substituting this result along with fl24Bp into fl22BD we arrive at 


(dA 

5A = 5ui[- -h V,,;wJ 

\oxi ox. 


dW\ 




V,,(5w)JW - V^w J (5W). 


(26B) 


Let us calculate separately the term containing 6ui. We begin with the 
observation that 


V a; ( 5Ui 


dw 


'dxiJ 


\ d 

^ Va;(5u) VxW. 


Thus we get 

JW = (V,,w)JW + V,(H Va^wJW. (27B) 

Next, the identity A = — V^w J W implies 

dA d d^A 

6ui— = (Va;w)JW - 5njVa;W J—— 

dXi dXi dXi 

Combining this result with fl27Bp we obtain 

/ d 9W \ / d'w \ 

6u, {— A + V,wJ^) + V 4 ) J W = (H V.w J W. 

\dxi dXi / V oxi/ 

Substituting this result in fl26Bp we obtain 

5A = -Va:(5w) JW - Va:W J 5W + Va;(5u) Va;W JW. (28B) 

Next, relation (IQBall . which was proved in Step 1, and the identity VV^ = Va, 
imply 

Va;(5u)Va;W JW = (VV^5u)V^w JW = -5V Va,W J W, 

Va,(5w) = VV5(5 w), Va:W = VV^W. 

Substituting these equalities into fl28Bp gives desired relation fl9Bdp and the 
assertion follows. 
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Step 5. It remains to prove that equalities fl6Bp - (l7Bp imply fIQBep . We 
proved yet that hV satisfies relation (l9BaD . i.e., 


SVik = -Kv 


A. 

din 


5up j Vpk- 


It follows from this flQBaP and the identity VV^ = that 


SVikd/dik = -Vir 


d . 

dtin ” 


OXj 


Xp . 


It follows from this that relation fIQBeP can be rewritten in the equivalent 
form 


Hence it suffices to prove that relations fl6BI) - fl7BD yields fl29BI) . To this end 
notice that relation fl6BaP and the identity Vikd/dik = d/dxi imply 

Using these identities we can rewrite relation fl7BcP in the form 


5R, = hufc—R* + —(J r) + R,r + (R*r)^. 

UXk t/Xi 


(SOB) 


Let us calculate all terms in the right hand side. It follows from flOBdp and 
flOBal) that 

r\ r\ 

5w = Xi —w + wr = SukA^w + wr 

dii oxk 


or equivalently 


d 

r = w-^5w - SukW-^—w 

dxk 


Since = W^J we conclude from this that 


jr = J5W - 5ukW ' 


A. 

dxi 


-W, 































which leads to the equality 


d -r d6W 

—(jr) = + wTj^- 

OXj OXj OXj 


5uk{ 


\ uXi UX]^ 


d^W 


dxidxk / dx. 


d6uk^-,jdW 


(31B) 


dxi 


Next, equality fl23Bp implies 
d 


5uk 


-Ri = -5ui 




JW + 


OXk \OXiOXk 

Notice that relations fl23Bp and fl25Bp imply 


dw^ j aw\ 
dxi dxk / 


(32B) 


R,r + (R,r)T = <5WTj^ - J5W'^+ 

OXi OXi 


( dxi ^ dxk dxk ^ dx., 
Substituting fl31BD - fl34Bp into fl30BD we obtain 


(33B) 




(5R,- = 




W J 


+ W^J- 


+ (5W'J 


Suk 


dxi dxk dxi dxi dxidxk 

On the other hand, the identity JW = J implies 

(W’^JW) = 0, = 0. 


(W^JW). 


dxidxk 


dxk 


dxi 


Thus we get 


,R.. 


dxi dxk 


dxi 


dxi 


(34B) 


Relation fIQBbp . which was proved in Step 2, yields 5W^JW + W^J5W = 0 
differentiation both sides of this equality gives 




dxi 


dxi 


■—(5W^)JW- —(W^)J5W. 

OXi dXi ^ ' 


Substituting this relation into (134B11 we obtain desired identity (129B11 . and 
the assertion follows. 
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B .2 Proof of (ii). 

Choose an arbitrary analytic 

9 ? = (/?,<y9o,u,w, 1 ^ 11 , 1 ^ 12 , 1 ^ 21 ) (35B) 


and consider the vector held 


0(¥^) = (u, V, w, V, A, W, Ri), 


(36B) 


dehned by fl3.8p . Let 0 be a corresponding canonical mapping dehned by 
fl3.ip . Next choose an arbitrary vector held 

6^ = {613, 5(po, ^u, 5w, ^hhii, W 2 ,51^21) e (37B) 

and the corresponding vector held 

5© = (5u, 6w, 5w, 5Y, 6W, S\, ). (38B) 

Let us consider the associated mapping 

/ MO 

66 =\ 5v(|) + <5V(|)r7 + 5A(OC + C^5R(OC |, (39B) 

V <5w(|) + 5W(^)C 

with the coefficients given by fl3.13p , i. e., 

1 


6Y = -V (5u V, 511^22 = 


6W = 


( 1 ^ 1251^21 + 1 ^ 21^2 - W226W11), 

(40B) 


Ml 

6Wu 6W12 

< 5 Mi 6W22 

6v = 6/3 + V(V6(po — W2V6W1 — 6W2VW1) + 6V (V(^o — 'w^ 2 Vtci), 

5A = 6VVwJW -V V(6w)JW - W Vw J 5W, 

6R, = -6V,kT-{W~^)3W - V,kT-{6W^)3W - V,, {W^)3 6W. 

oik oik oik 

Our task is to hnd to hnd a vector held 


T 


(^) Xj -^5 Til, ri2, r2i) G Xo-^ci_i(r). 


such that the corresponding vector held 


3 := ^0 = B^ 0 (v„)|r], 


(41B) 
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with 


^ A, -Vx, r, V(JA), 4(jr)), 

(42B) 

= ly + VV’o, Tr r = 0. 

(43B) 

P, i.e.. 


X = 

(44Ba) 

= - Xi 

oii 

(44Bb) 

w-ijw-x,w-'J-w, 

dii 

(44Bc) 

v-(w + ,,^v-aa) 

(44Bd) 

- (2^)- 

(44Be) 


In order to prove fl44Bj) . we consider the associated canonical mapping 


TT = I /X - {V^x)ri + V^(JA)C + IV^iJTC ■ C) 

A + rc 


(45B) 


Notice that relations 


can be written in the form 

66 = 6’TV. 


(46B) 


Here the Jacobi matrix O' is dehned by fll All - fl2 Al) . Since 6 and 66 are 
given, it suffices to prove that a solution tt to fl46BI) admits representation 
fl45BD . Since, in view of fl3.3p . the matrix 6' is symplectic, a solution of fl46BD 
is given by 

(47B) 


TT = 


Here the matrix J 2 n is defined by fl3.3l) . Substituting fl39BD into (I47BD we 
conclude that the mapping tt admits the representation 


x(0 


TT = I + A(Or/ + B(OC + K ' ^(OC 

MO + mc 


(48B) 
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Here Xi A*) ^ cire 27r- periodic vector fields, A, B and F are 27r periodic 
matrices, and a vector-valned fnnction is in the form 

CTC(«)C = (C’‘Ci«)C..... C^C„_,(?)C). (49B) 

where Cj are 27r-periodic matrices. It follows directly from fl48BI) . fl39BI) . and 
expression fl3.3p for the Jacobi matrix O' that 


X = (In-l + U') ^JU, 

d 

A = w. 


dii 


d 


^ = V Jv - - AA), 

r = W-iJw-x.W-iJ-W. 

dii 

Hence it remains to prove that 

A = -Vx, B = V(JA) 

Q = J-(jr), jr + r^j = 0, 

^ = u + V'i/'o- 

To this end notice that 6'^32nd' = ^ 2 ^ which yields 


32n O' + O' ' 32n {50)' = 0- 


,/T 


(50B) 


(51B) 

(52B) 

(53B) 

(54B) 


Now set cr = {^,r],C) ^ and notice that the vector-valned fnnction tt 
takes it valne in Denote by the components of tt. Differentiation of 
the eqnality 60 = O' tz leads to the identity 


60' = O'tz' + TTk^O'. 

oak 

Snbstitnting this resnlt in fllOBp we arrive at 


0'^ 3 2n0'+ 0'^ 3 2n O'n' 


T^k\0 


•J2nV;- ^ + 

oak 


^ 0'^ 32nO'\.=R 


da, 
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Notice that 


e'^ 32n^0' + 

oak 


Recalling that 6'^ J 2 n Q' = J 2 n we obtain 


^ e'^32ne' = 


da, 


A 

dai 


{e'~^i2ne') = 


A. 

dak 


J2n — 0 


J2n + J2n Tt' = 0. 


(55B) 


It follows from fl48Bp that 


77 = 


where 


/ Pll, 

0, 

0 \ 



In-l 0 \ 

P 2 U 

P22, 

P23 

1 5 J2n 

= -In-l 

0 0 

\ P3I, 

0, 

P33 / 


V 0 

0 J / 

Hii 

= X': 

, P21 

( /X + A77 + BC + ^ 

c"cc); 



P22 = 

A P23 

= B + CC, 



(56B) 


P3i = A'+(rC)^, P33 = r, 

Here CA is (n — 1) x 2 matrix with the entries (CA)jj = Ctjp Xp. Substituting 
fl56BH into fl55Bp we obtain four nontrivial matrix equations 

P22 = -p 7 

-P33J + J-P33 = 0, 


22 — —-^ 11 , P23 — (J-P3T) 


P 2 I = P 


T 

21 - 


The hrst equation gives A = —Vx- The second gives two nontrivial relation 

B = (JA)'^ = V(JA), CC = V5(jrc). 

The latter equality is equivalent to relations Cj = cl(jr)/9.^j. Finally no¬ 
tice that relation P 21 = P 21 gives In other words, the Jacobi 

matrix of the vector-held ^ is symmetric. It follows that the vector held /x 
is potential. Hence it has the representation /j, = 1 / + Vipo, where u is a. 
constant vector and V’o is 27r-periodic function with zero mean. Therefore 
the matrices A, B, F and the vector held /x satisfy conditions fl51Bp - (l53Bp . 
This completes the proof of Theorem 13.21 
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C Proof of Lemma 14.11 

Equation fl4.9bp along with the equality = V(^ + u) imply 

+ u) = + u, v, w), 

which yields the first relation in fl4.11l) . Next, recalling formula fl4.9fp for A 
, we obtain 

+ u.v,w)V-,— 

We also have 


dHrr 

dz 


r)TJ 

(^ + u,v,w)W) = +u,v, w)Wj 


From this and fl4.9cp we obtain 
dHm,^ , M/ 


dz^ 


(^ + u,v,w)l/ij^Jfcp + ^^(| + u,v,w)|Wp, = 0. 


pq 


Notice that in view of fl4.9bp . we have OHm/dyiVij = Uj. Thus we get 

dH„ 


I -5wTJ + ^^}w = 0. 


which yields the third inequality in fl4.1ip . In order to derive the second 
equality in fl4.1ip we differentiate both sides of fl4.9ap with respect to x, to 
obtain 


OHrr 


■(^ + U,v, w) 


dH^ 


■(^ + U, V, w 


dvn dH„ 


dw„ 


dx- ' dz = (1C) 

L/ iX/ 2 O' O' vt/ 2 


dxi ’ ’ dy. 

Since V = (I + u')”"'', we have = VV^. It follows that 


5 „ _ . d 

+ u, V, W 


% 


d d 

uj^n ^yn 


From this and fl4.9bp we obtain 
d 


d d 

//„K + u,v,w)^ = u„^ = a 


(2C) 
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On the other hand, relation fl4.9fj) implies v = /3 + Vx^o — Wi^xW 2 
we get 

dvn d'^^o d‘^W2 dwi dw2 

dxi dxndxi dxndxi dxn dxi 


Combining this identity with 

d 


we arrive at 


dyr 


Em{i + U, V, W)^:^ = d- 


dxi 


dxi 


dwi dw 2 

-W 2 O— - OWi 


dxi 


dxi 
dwi 


dvi - dwi^^ + dW2^:— 
OXi OXi 

From this and the latter relation in fid.lip we obtain 

dH^n / ^ . \ dvxi 

^K + U,v,w)—= 

dHm dW2 dHra Owi 


dvi - 


dz2 dxi dzi dxi 


Substituting this equality into (IlCp we obtain the second equality in 

□ 


D Proof of Theorem 14.7 


Direct calculations lead to the following formulae 

^ ^ dHxn . r 

5<hi = — {$, + u, V, w)(5u+ 

ax 

dHjn / ^ X dHm / ^ X 

-(^ + u, V, w)5v H—-—+ u, V, w)(5w, 


dy 


<^*^’2 = I + u, V, w)5A + + u, V, w)5W I + 


dz 
dH„ 


{ + u. V. w)A + ^(« + u. V. w)W) }D 


'(9x(9y 

,d^H, 


dxdz 


{} + 


dy"^ ’ ’ dydz 


dzdy 


T 


. Thus 


(I4TT]) . 


(IDa) 


(IDb) 


95 



































^*^>3 = + u, V, w)(5V + + u, V, w)}’^ + 

f)2 ff rP M 

+ + u,v, w)v}^, 


9y2 


dzdy 


dH„ 


^$4 = + U, V, w)5Ri + (A + B + C) + (A + B + C)’^+ 

oyi 

{6uyp^^^ + + (5w)^p(^), 

1 I 


= 


(2vr: 


n—1 


I '][’n —1 


6wi d^, 


(IDc) 

(IDd) 

(IDe) 


where 


A = SA + u, V, w)A, 

B = (5W^ ^ + u, V, w)A + ^ + u, V, w)5A, (IDf) 


dzdy 


dzdy 

pj2 TJ 

C = hWT^^(^ + u,v,w)W, 


(93 ff ^ 3 lj 

p(") = + u, V, w)A + A^ ^ + u, V, w)W+ 

drdy^ drdydz 

W"*" ^ ^ T' + u, V, w)A + ^ + u, V, w)W, 


(IDg) 


drdzdy ^ ' drdz^ 

where r = x, y, z. The variations 5V, 5W, 5A, and 5v are defined in terms 
of the components of Sip by relations (I3.13p . 

In view of the Second Strncture Theorem (13.2^ the mapping (14.221) has 
the inverse given by formnlae fl3.19p . In particular, we have 


d d 

5 u = Xi— (I + u), = V/x + AA + Xi ^v, 

dii dii 

d 

Sw = WA + Xi—w. 

dii 


(2D) 


Substituting these equalities in representation (llDap for 5<f)i we arrive at 


i 4 , = ^VM + 
dy 


dHm d 
(9x dii 


(Id + u) + 


dHm dv dHm dw\ 


+ 


dy dii dz dC, 


-)x. 


+ 


dHm, , dHm,,,,, 
dy dz 


(3D) 
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Here the derivatives of are calculated at the point (^ + u, v, w). It follows 
from formula fl4.9ap for $1 that 


dHm ^ /T 1 I N I dv dHm 9w _ 

9x di} dy di, dT. di, ~ ■ 

Next, formula fl4.9cp for $3 and the equality ^ = V^’o + imply 

+ (^^^Y - fi = dijjQ + u)^ ■ Sf3 + 

Formula (14 llhH for 412 yields 


(4D) 


(5D) 


,dD, 

Substituting fl4DI) - fl6DI) into fl3DI) we obtain the desired representation (I4.23al) 
for 5<hi. Let us turn to the representation for 5 <h 2 . Equalities fl3.19dp . fl3.19fp 
in the second structural theorem imply 


5A = VV5(JA) + Xi + A^R + AE, 


sw = WT + Xi il-W. 

dii 

Substituting these relations along with equalities 


(7D) 

into fllDbp we obtain 






dHm dA 


dy dii 
d 


+ 


dy 

djh 

dy 


■AE + X, 


dy 

dHm dW ^ dH„ 


dz d^i dz 


■WE+ 


X(5^« + u 




' A+—+ 


\dxdy dxdz 

(^A + 1 + 


96 ^ dy'^ 

( d^Hrr 
V dy'^ 


A^A 


■A + 


dydz 

d^H„ 

dydz 


d^i \dzdy 


W) + A^W 


tT 


fd‘^H„ 


\dzdy 


A + 


dz"^ 

d^Hm 

dz^ 


w)+ 




d^H„ 


V 97/2 


■A + 


d^Hm 

dydz 


W 


(8D) 
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Since dHm/dy is the row vector with the components dH^/dyi, we have 




dy 


dVi 


Recall that the matrices Rjand $4 are symmetric. From this and formula 
flFMll . we conclude that 


dH„ 

dy 


(A^R) + a^at (^a + 


dydz 




+A'W 


d'^Hm , , d^Hm. 


\dzdy 

Next, it follows from fl4.9b|) that 


A + 


dz'^ 


W = A'<h 


T 


(9D) 


dHm dA , dHmdW d .. _ 


dy dii dz dii d^i 


fd^m. , d^Hr, 

A + 


V dxdy dxdz 


W + 


(lOD) 


dw^ /d‘^K 


d^i V dy 
We also have 


Substituting 


d'^H„ 


^ dydz 


W + 


dw^ /d‘^H„ 


dii \dzdy 


A + 


d^Hr, 

dz"^ 


■W = 


dii ' 


^Ar + ^wr = $Jr. 

dy dz 

- flllDj) into flSPp we obtain 


(IID) 


dH, 




^^2 =^VV,(JA) + ^'V'(^^A 


dy‘'^ 

d^:\ 


+ 


d^H„ 


dydz ) 


+ 


(12D) 




dii 


Expression 04.251) for the matrix T implies 

42 ; 




. d'^H„ 


-A + 


W = /x'T'. 


dy'^ dydz 
On the other hand, formula 04.9c|) for the operator $3 yields 
dH„ 


(13D) 


dy 


VVg(JA) = a;' V 5 (JA) + V^(JA) = 


T ^ 4 


(a(jA))T + ((JA)'$ 3 ) = (jaA)' + ((JA )'$3 
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Substituting this identity along with fllSPp into (ll2Dp we arrive at desired 
representation (I4.23bp for (5$2. 

Our next task is to prove identity fl4.23cp for 54 ) 3 . It follows from identity 
fl3.19el) in the Second Structural Theorem that 


dV 

Substituting this identity along with (]2Dp into formula fllDcp for ^ 4)3 we 
obtain 




dHr, 


dy 


-VVgX + Xi 


dHr„ dV 


+ 


dy dii 


d 


rd^Hm 


Sxay 


+ Xi 


dv ' 


+ Xr 


(9w' d^Hm 
dii dzdy 


T^rrd 


^ 5y2 ' ()-y2 

It follows from formula (I4.9cp for $3 that 
dH, 


dzdy 


dy 

Next, we have 


VV^X = -u; ^ V^x - 4>J V^x = -{dxY - 


\T 


Xi 


dHmdY , 
Xi^— 
dy dii 

d'^Hrr 


dii 9y2 


+ Xi 


d^dy 


dii dzdy 


= X: 


d^J 


(14D) 


(15D) 


(16D) 


On the other hand, formulae fl4.25p for S and T yield 




T 


vt<^v+a’^a’^^^v+a'" 




. . = 

Substituting (]15Dp - (117Dp into (114DP we arrive at the desired identity fllDcp . 

It remains to prove representation (llDdp for < 54 ) 4 . Recall that this rela¬ 
tion includes the matrices A, B, C, given by fllDfp . and the matrices 
r = X, y, z given by ( |lDgP . Substituting representations flTPp into fllPfp we 
obtain 


A = A 


T 


d^H, 

5y2 


, dAJd'^H^ 

-Y + Xi— —;^A+ (JA)^V' 




dii dy^ 


dy^ 


■ A + (A' R 


d^Hr, 


ay2 


■A, 


(18P) 
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w 


dzy 


■VV^(JA) + XiW 


d^i dzy 

rd'^H^, dX 


dzy 


(19D) 


dzy dii 
T a2 ; 


+ W^^^(A^R) + w^^:,^Ar, 


dzy 


dzy 


c = x. 


dW ' d^H, 


-W + T'W 


T jjrT 


d^H„ 


W 


d^i dzy dzy 

Next, expression (IDg) for and representations (12DI1 implies 


(20D) 




+ 5w^p(^) = X* (+ ^P'"' + 

V d^i d^i dii 

^Tp(y) ^ xTf^J^Tpiy) ^ y^Tp{zX 

Substituting fllSDD (I21DP into fllDdp and recalling the representation 

<5R, = —(JP) + R,r + (R,r)^ + X* t^R* 

o^i oii 

in the second structural Theorem 13.21 we arrive at the identity 

J_(jr) + QP + p'^Q'r+ 

dyi dik 


(21D) 


XfcNfc tU + U^ + K + K'+S. 


(4.22) 


Here 


dyi dy^ 


■A+ 


wt^^a + ( = n + <!>. 


dzdy 

Nfc = 


dzdy 

dH„, aR, 


dyi dik 


+ A 


T 


dz^ 

d^Hrr, dA dA^ d^H„ 


(4.23) 


+ 


dy^ dik dik dy^ 


■A+ 


W 


T 


d'^H^ dA dW^ d'^Hrr 


+ 


W 


T 


zdy dik dik dzdy 
d‘^H^, dA ^ d‘^H„ 


A+ 


W 


T 


dzdy d^k d^k dzy 
d‘^H^ dW dW^ d'^Hrr 


A + 


(4.24) 


+ 


dz^ dik dik dz^ 


■W+ 


+ ^pW + ^p(^) + ^ph) = ^ 

dii di, ^ dik ■ 


(4.25) 
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Next notice that in view of fl4.9cp . 

|-(jr) = a(jr) + 43,4(Jr), 

Substituting this relation along with (I4.23p . (14.25^ into (I4.22p we arrive at 
the identity 

= ^(Jr) + nT + 

$4r + + xk^ + $3,/c J-(Jr)+ 

d^k dik 

U + + K + + S. (4.26) 

Notice that U is the matrix-valued linear form of dXi/d^j. Hence it admits 
the representation 

U + (4.27) 

where are symmetric matrix-valued functions. Next, K and S are 
matrix-valued linear form of A* and fij. Hence there are symmetric matrix¬ 
valued functions Ej and Kj such that 

K -|- -|- S = jjjiEi AjKj. (4.28) 

Substituting (I4.27p and (I4.28p into (I4.26p we obtain the desired representation 

(HSldl). 


E Proof of Theorems 15.11 and 18.1 


E.l Proof of Theorem 15.1 

This section is devoted to the proof of solvability of the following problem 

d^ipo + Sq + Sp- {wi - a) + ^SM{wi - a)^ = Fi, (lEa) 

JdX + Tfi + W^6p + 6M{wi - a)W^ei = F 2 , p = VV’o + Sf3 (lEb) 

-dx + Sm + T^A = F 3 , (lEc) 

dX 

a(jr) -I- pr -I- (nry + + /i,E, + a,k,+ (lEd) 

+W'^6MW = F 4 , Tn = -r 22 , 
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[ijjo - 5f3 ■ u + W 2 (WA) J = fi 


V-^Xrfe = /3, 


(wr)i2rfe = /4 


(2vr) 


(27r)’*-i Jj-u-. 

- [ ((WA)i + x-Vw;i)rf| = /5 
Jy^-1 \ / 


(lEe) 

(lEf) 

(lEg) 


The following theorem constitutes the existence and uniqueness of solutions 
to problem fllEp 

Theorem E.l. Let a fixed a G [1/2,1], d > 2, and the matrix Kq = Sq — 
to < 8 ) to given by fl2.1ip . satisfies the condition det Ko 7 ^ 0. Furthermore, 
assume that 


'(fi - a||(.,o+ ||W - I||„o + ||u' - I||^,o < cr 


(2E) 


and 


|S — So||(T,o + ||T — To||o-,o < c(r + |e:|), 


|U,w 


ij II (T,0 ”1” II II C7,0 


E, 


IK 


i||(T,0 — 


< C. 


(3E) 
(4E) 

Then there are Sq > 0 and rg > 0 with the following properties. For every 

r <ro |e:| < £ 0 , , 

0 < cTo < cTi < cr, 1/4 > (Ti, a e [1/4,1), 

and for all 

F= (Fi,F2,F3,F4,/i,/ 3,/4,/5) e 

with F 4 = FJ, problem ca has a unigue solution 

(V'o, A, X, r, 5/3, q,p, 5M) e Aaofi x x A'ff^ x ^ x x 
This solution admits the estimate 


||('0o, A, x,r) 11 ^ 0 , 0 + \{S(3,q,p,6M)\ < c(ai - ao) 


-8n-12| 


I (T1 ,0 


(5E) 


where the constant c is independent of eg, rg, and ai 
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Notice that identity V = (I + u') implies that 



< cr. 


The rest of the section is devoted to the proof of this theorem. Our strategy 
is the following. First we prove the existence and uniqueness of solutions to a 
triangle truncated problem. Then we prove the solvability of equations fl5.6p 
using the contraction mapping principle. Our considerations are based on 
the following existence and uniqueness results for model differential equations 
with constant coefficients 

Equations with constant coefficients Recall the denotations 



Lemma E.2. For every g G with g = 0, the equations 


8 i’0 = 9, i’o = 0 


(6E) 


have a unique solution 'ipo £ Acro,o such that 

||V’olUo,o < c(ai - cTo)"^||5'||ai,o, IV’ol^ < c\g\s+r- 


(7E) 


where t = n + 1 and 0 < (Tq < ai are arbitrary numbers. 
Proof. Substituting the decomposition 



seZ"-i\{o} 


into equation (l65EaP we can rewrite this equation into the equivalent form 


fjois) = {i LO ■ s) ^ g{s) for s G Z*" ^ \ {0}, ^/>o(0) = 0 (8E) 


The diophantine condition implies 



which gives 


i^o(s)i<(i + isin?(s)i 


(lOE) 
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It is well-known that for every a G [0,1) and a' G (0,ct), and for every 
measurable function g : ^ C, we have 


sup e^l®l|^(s)| 



cr',0 < 


C 


a — a' 


sup e'"l"l|^(s)|, 

sgZ"-i 


where c is independent of g, a, and a'. /^From this and fllOEp that 


e("o+-i)N/2|^o(s)| < c(l + |s|)”e("°+"i)l"l/"||^(s)| < 


c(ai-ao) ’"e'"il®l||^(s)| < c(ai - ao) ^||^|Ui,o- 


(HE) 


It follows that 

llV'ollacO < -- sup < c((Ti - cro)"^||5'||ai,o- 

<^1 — <^0 sgZ"-i 

Thus we get the hrst estimate in fl7Ep . The second obviously follows from 
fllOEp and the dehnition of the Sobolev space H^. □ 

Lemma E.3. Let 0 < < ai. Let H G satisfies the condition H = 0. 

Then the equation 

3dX + n\ = li (12E) 

has a unique solution A G Aa^^o, satisfying the condition A = 0. This solution 
admits the estimates 


||-^||cro,o < c(cri — (Jo) ^ ||H||o-^^o- (13E) 

|A|s < C |H|s+2n+3- (14E) 

Proof. Equation fll2Ej) is equivalent to the following system of the linear 
algebraic equations for the Fourier coefficients A(s), s G of A, 

i(n;-s) J A(s) + 0 A(s) = H(s), s G \ {0}, A(0) = 0. 

This equality along with expressions (12.bp and (12.Qp for the matrices J and 
Pt implies 

ri(s) = -{k + {u) ■ s)^)"^ (-ffi(s) - ■ s)-ff2(s)), -^1(8) = H2{s) + i{uj ■ s)ri(s). 

Recall that Re fc > 0. From this and the diophantine estimate fl9ED we 
conclude that 

|A(s)| < c|s|2^+2 sGZ’^-h 
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Thus we get 


||A||<xo,o < c((Ji - do) ^ sup |A(s)| 

sGZ"-i 

c(ai - cTo)"^”"^ sup |H(s)| < c(ai - ||H| 

sGZ"-i 

and the lemma follows. 

Now we consider the matrix differential equation 

a(jr) + nT + {nry + (5m = g, 


cri,0? 


hii = -r 


22 , 


I 'J’n —1 


ri2d^ = f, 


□ 

(15E) 

(16E) 


Her (5M = (5Mdiag(l, 0) is the unknown matrix. 

Lemma E.4. For all (G, /) G ^o-i,o x C and for all 0 < ao < ai, equations 
fll5Ep - (116Ep have a unique solution (r,6M) G ^^ 0,0 ^ di'his solution 
admits the estimate 


||r|U„,o + m\ < c(ai - ao)-'"-2(||G|U,,o + l/D- (ITE) 

Proof. Rewrite equations fll5Ep - fll6Ep in the form 

nTF{nTy + 6 M = G, 

Til = -r 22 , ri 2 = U, 5M = diag (5M, 0). 

9(jr*) + nr* + (rjr*)^ = G*, =-r*2. (i9E) 

The unique solution to equations fllSED is given by 

V = ( “^ 22 / 2 , _/4 \ ^ f Gii — kG22, 0 

\ fc/4 + G21 G22/2 / ’ y 0 0 



It follows that 

|r| + \6M\ < c|G|. (20E) 

Next, using the Fourier transform we can write equation fllQEp in the form 
of the matrix equation 

i(a;-s)jF(s)+f^P(s) + (f^r(s))^ = G*(s), ffi(s) = -f? 2 (s) for « ^ Z‘^\{0}, 
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Recall that 


r(0) = G*(0) = 0. (21E) 

In it turn, this equation is equivalent to the system of linear algebraic equa¬ 
tions 


■s)r^i(s)+ 2/cr^2(s) = Gti(s), 

■ s)r^2(s) + r^i - kVl^is) = 

-i(a; ■ s) ^2(8) + 2r^2(s) = G^2(s), 
rTi(s) = -f?2(s)forseZ2\{0}. 


Straightforward calculations give 


r;2(s) = 


and 


{(jj ■ s)2 -|- Ak \i((jL> ■ s 


■(G*i(s) — kG22{s)) +i{u} ■ s)G22(s) — G'i2(^ 


r22(®) ~ 2^22(®) + 2*^^ ' 


^ 21 ( 8 ) — Gi 2 (®) + ^r^ 2 (®) ■ ®)r 22 (®) 

rn(s) = -r22(s)- 

These identities and the diophantine estimate (19E11 imply the estimate 
|r*(s)| < c|s|^"’''^|G*(s)| for s G 


Set <^ = (cTi — <Jo)/3. Arguing as in the proof of Lemmas IE.3I and I17EI we 
obtain 


I CTO 


,0 < c<^-^supe(‘"°+^)l"l|r(s)| < 


c<^-^sup|s|3^+^e(‘"°+^)l"l|G*(s)| < c<^-=^’*-2supe("“+^)l"l|G*(s)| 


< c? 


—3n—2II * 


IIG1I 


CTo+<;,0- 


Combining this estimate with (12nEp we arrive at 

l|r|U„,o + |5M| <c<^-3-2||g| 

This completes the proof of the lemma. 


CTO-|-?,0- 


(22E) 


□ 
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Truncated equations. Our next task is to prove the existence and unique¬ 
ness of analytic solutions to linear equations with variable coefficients which 
can be regarded as simplihcation of the main problem fllEj) . First we consider 
the shortened version of this problem which can be formulated as follows. It 
is necessary to hnd periodic functions - 00 , X and parameters p, q and (3 
satisfying the following equations. 

d'ljjQ + q = Fi, (23Ea) 

J0A -I- f2A -I- T/x + p ei = F 2 , n = 5(3 + V'0o (23Eb) 

— ^X SpL X^A = E 3 , (23Ec) 


^o = /i, X = f 3 , Ai = / 5 . (23Ed) 

Proposition E.5. Under the assumptions of Theorem \E.l[ there exist vq > 
0, Eq > 0, and c > 0 such that for all r < ro , |e:| < So, and for all (/s, /s, /i) G 
Cn+i ^ p. ^ Aai,o, and for all 0 < ao < ai, equations (123EI) have a unique 
solution analytic solution. This solution admits the estimate 


||l/’o||(To,0 + ll'^l|o-o,0 + 11x11(70,0 + 

IpI + |g| + \5(3\ < c(ai - ao)-®"-^(||F||.,o + |f|). (24E) 

Proof. We have 

A = A + W, X = f3 + X* (25E) 

Substituting this decomposition into fl23Ep we obtain two system of equations 

Wo = fi, X = /3, X=h (26E) 

^ ^ ^ (27E) 

(28E) 


UIX T/3 F p Gi — +2 — TV'00) 




S/3 + T A = F3-SVV'o-TTA*, 


and 


d^o = Ff, (29E) 

jdx* + nx* + (TvV'o)* = f; - t*(3, (3oe) 

-dx* + {SVfjo)* + (T^A*) = F; - S*/3 - (T^)*A, (31E) 

The rest of the proof is based on the following auxiliary lemma. 
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Lemma E.6. . Under the assumptions of Theorem \1H there exist rg > 0 
and eg > 0, c > 0 such that for all r < rg and |£| < eg, and for given 
V-^g, A* G Hq, the system fl26Ep - fl28Ep has a unique solution, which admits 
the representation 


(3 = M{Vro,^l+d 0 , (32Ea) 

X = C{VroAl+dx, (32Eb) 

p = V{VroAl+dp- (32Ec) 

Here the constant vectors S'p the linear functionals M, C, V 

admit the estimates 

15^1 < cdp?.,! + IF 3 I + I/ 5 I) (33E) 


15^1 + ISaI + 15,1 < ^(1^21-. + lEsU. + l/sl) (34E) 

\Xi\ + |>C| + \V\ < c(eg + rg)(|'^*|_s + |A*|_s) (35E) 

where s > 0 is an arbitrary number and c is independent on e and r. 

Proof. Let us consider the system of linear algebraic equations 

nX + T 6(3 + p ei = sl, 

T^A + S6(3 = h, (36E) 

Ai = /s- 


Rewrite the first two equations in the form 

r2A + Xg 5/3 p Gi = a + (Xg — X)(5/3, 
XgT A + Sg 5/3 = b + (X([ - X^) A + (Sg - S) 6/3. 


Notice that 


A — A2e2 + /sGi, 

where e* are the basis vectors with the components e^ 
the linear system of the equations for A2 and 6(3 


6 ij. Thus we get 


A 2 + tg • 5/3 — 02 + {(Xg — X)5/3}2, 

Sg5/3 + A 2 to = b + f,{T^ - X^)ei+ (37E) 

A2(XgT-X^)e2 + (Sg-S)5/3. 
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Express A 2 in terms of 5(3 using the first equation in (l37Ep . Substituting the 
result into the second equation in (I37EH we obtain the following equation for 
5(3 

Ko5/3 = (So - S)5(3 + {(To - T)<5/3}2((T([ - T^)e 2 - to) - 5(3 ■ to((To^ - T^)e 2 

+ (b-a2to + a2(T([ -T^)e2 + /5(T{'-T^)ei), 

where the matrix Kq = Sq — to (8) to has a bounded inverse. Thus we get the 
following equation for 5(3 

5(3 - A5(3 = Ko'(b - a2to + a2(T([ - T'")e2 + ^(T^ - T^)ei), (38E) 

where the linear mapping A ; —)■ is given by 

A: 5(3^ Ko'{(So-S)5/3+{(To-T)5/3}2((T^-T^)e2-to)-5/3-to((T([-T’")e2}. 

In view of inequalities fl3Ep . the mapping A admits the estimate |A5/5| < 
c{eo + ro)|5/3|. Choosing Eq and ro so small that c{eo + ro) < 1/2, we obtain 
that equation fl39Ep has the only solution which admits the representation 

5/3= (l-A)-iKo-'(b-a2to + a2(TT + -T^)ei) (39E) 

When system fl39Ep is solved the vector A and the scalar p are restored by 
the relations 


A = /sei + (02 + ((To - T)(3) ■ 62)62 - to • 5/362 (40E) 

p = ai + fc/5 + {(To-T)/3}i (41E) 

In view of (127EP - (128EP the vectors (3, A and the constant p satisfy equations 
(136E11 with the right hand sides 

a = - TWh, h = F^- - T^A* 


Substituting these expressions into fl39Ep - fl41Ep we obtain desired represen¬ 
tation fl32EaP - fl32EcP in which 




dx = + E262 


^3 - (T 2 ■ e 2 )to + (F 2 ■ 62 )(T;[ - T^)e 2 

(42E) 

+/5(To^-tV), 


■ (^(To — T)(^^ ■ 62^62 — (to ■ S^/i) 62 , 

(43E) 

kf^ + F 2 + (To — T)(J^ ■ 61 

(44E) 


(45E) 
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and 


M = {1- A)-iKo-i| (TV4* • e 2 )to - (TV^* ■ e 2 )(T([ - T^)e 2 (46E) 

-SV^-w}, 

C = -(TWS • 62)62 - ((To - T)A1 ■ 62)62 - (to ■ A 4 ) 62 , (47E) 

V = -(TV^) • 62 + (To - T)A1 ■ 61 . (48E) 

It remains to prove that these vectors and fnnctionals satisfy ineqnalities 
fl34Ep - fl35ED . We begin with the observation that and 'Sp are linear 

integral fnnctionals with analytic kernels of the linear space of fnnctions F 2 , 
F 3 and constants /s. We have 


|(?/3|<c(|F2| + |F3| + |/5|), 


which immediately gives fl33Ep . 
Canchy ineqnality \uv\ < Inlsli^l- 


In order to prove fl34Ep we note that the 
implies 


\Fi\ = < |l|s|Fi|_5 <c\Fi\_s, 

gives fl34EI) . Next notice that the A4, C, and V are linear integral fnnctionals 
with analytical kernels. In particular, they are continuous in every Banach 
space Hg. Hence estimate fl35Ell is almost trivial. We prove it for the func¬ 
tional A4. The same proof works for C and V. In order to estimate Ai, 
notice that 


TVro I = I (T - To)VV^* I < |T - To|.+i|VV^*|_._i 

< c||T - To|U,o|V'1-s < cro\ 7 p*\_g 


Repeating these arguments we obtain 

ISVTol + |T^I < cro {\r\-s + |A*|_,). 


Combining this result withy the obvious inequality 


\M\ < c(| I + |SVV^o*l + |TA*|) 
we obtain estimate fl35Ep for Ai. 


□ 
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Let us turn to the proof of Proposition IE.5I Our strategy is the following. 
First, we use representations fl32EaD - fl32EcP in order to reduce the system 
fl26ED fl31ED to the closed system of equations for the deviations A*, and 
X*- Then we reduce the obtained system to an abstract operator equation. 
We solve this equation in the space of bounded functions by using contraction 
mapping principle. Finally we prove that the obtained solution is analytic. 
Let us consider the basic system of equations fl29Ep - fl31Ep . Assume that Eq 
and ro meet all requirements of Lemma IE.61 It follows from representations 
(l32EaP - fl32EcP in this lemma that we can rewrite equations fl29ED - (l31Ep in 
the equivalent form 

dro = Gi, 

JdX* + nx* + = G;- X*), (49E) 

-dx* + (SV4*)* + (T^A*) = G* - S*Af (4*, V) - (T^yciro: A*), 

where 


Gt = Fy 


G* = F* 




g; = F* 


S*d0 


(T^)‘5a 


It is worth noting that equations fl49Ep and relations fl32EaP - fl32EcP forms 
the system of equations which is equivalent to equations fl23EaP - fl23Edp It 
follows from estimate (l34Ep that 


ll^llUi.O + l|G^2lUl,0 + l|G'3||cri,0 < + 11-^2*110-1,0 + ||-^; 

Now introduce the linear operator 


3 11(71,0 + l/sD- 

(50E) 


Si:(F^F2*,F3*) ^ (4^A*,X*) 

which assigns to every vector (F*, F 2 , F^) the solution of the following system 
of equations 


dy* = Fy (51E) 

j^A* + nx* + {TvyoY = f;, (52E) 

-dx* + (SVV’o)* + (T^A*) = F;. (53E) 

Denote by the subspace of the Banach space Aa^ x A^^ x A^y^ which 
consists of all functions with with zero mean value. Let us show that for 
every 0 < Uo < Ui < a, the operator Si : —)■ is continuous and 




< c((Ti - (To) 


—4n—6 


■yF^F^Fy 


(54E) 
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Choose an arbitrary E Z„^. Since the system (l51Ep - fl53Ep is 

triangnlar, the existence of solntion to this system obvionsly follows from 
Lemmas IE.2I and IE.3I Next, estimate fl7Ep in Lemma [E.2I implies 


IIV'i 


0 l|2/3(To+l/3a-i,0 _ 


< c(ai - o-Q 


I —n—2 1 


F* 


(T 1 , 0 - 


(55E) 


Using this ineqnality and applying Lemma [K3] to eqnation fl52Ep 
at the estimate 


we arrive 


IIII 2/3(70+1/3(71,0 < c{ai — CTo) ^(ll'l/’oll 1/3(70+2/3(71,0 + 11-^2* II 1/3(70+2/3(71,o) 

< c(ai -ao)-“(||F*||.,,o+ ||i"2ll(7i,o). (56E) 
Finally applying Lemma [E.21 to equation fl53Ep we obtain 


lx 11 (70 


,0 < c(cri-cro) ^(HV’oll 2/3(70+1/3(71,0+IIII 2/3(70+1/3(71,0+II-P's* ||2/3(7 o+1/3(7i,o) 

< c(cri - cTo)-^"-® (11+111(71,0 + 11+211(71,0 + ||+3||(7i,o). (57E) 


Combining estimates fl55Ep - fl57Ep we obtain fl54Ep . Now introduce the sec¬ 
ond linear operator 


2 : (V^ol ^1 ^ (0, T*M{ro, S*Af (41 r) + (T^)*£(4, A*) 


T 


Since the embedding ^o,o H^s is bounded for s > 0, estimate fl35Ep yields 
the inequality 


11^2(41 ^1 < c(£o + ro)||(41 A1 xll^o- (58E) 

Now we can rewrite system fl49Ep in the form of the operator equation 


(41 A1 = SiS2(41 A1 Xl + Si(G1 G1G^). (59E) 

Estimates fl54Ep . fl58Ep . and the inequality 1/4 < a imply 

||SiS 2(4, Alxibo < c(£o+ ’^o)||(4)^1x1bo (60E) 


It follows that the norm of the operator S 1 S 2 : 4 —^ 4 does not exceed 
c(£o + i’o)- Choosing £0 and tq sufficiently small and applying the contraction 
mapping principle we conclude that operator equation fl59Ep has a unique 
solution in the space Zq. This solution satishes the inequality 


11(41 Alxibo < 1|2 i(gigig*)4„. 


( 6 IE) 
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Let us prove that the obtained solution is analytic. Since 1/4 < cxi, estimates 
(I54EI1 with (Jo = 0 and estimate fISOED imply the inequality 


— c(||-P"i ||(Ti,o + ||-^2*IUi,o + ll-^3*IUi,o + l/sD- (62E) 
Hence the solution to equation fl59Ep admits the estimate 

im, A*,< c{\\F*\Uo + \\f;\Uo + Ili^slUnO + \M), 

which along with (l58Ep leads to the inequality 

\\^ 2 {ro, A*, < c(||F/|U,,o + ||F;|U,,o + ||F 3 *|U,,o + \M). (63E) 

On the other hand, inequality fl54Ejl yields 

11=1 A*, X-) + (g;, g;, eg) lu,. 

< c(<7, -<T„)-‘“-hl|H2(^;,A-.x-)lu„ + I|(g:.g;.g3iu, 


Combining this result with fl63Ep and fISOEp we hnally obtain 


1 52(4*,A*,x*) + (Gt,G;,G*) 


< c(ai - o-Q 


, —An— 61 




I cri jO 


+ m 


2 110 - 1,0 


+ 


3 110 - 1,0 


+ I/ 5 I) 


Using this result and equation flSQED we hnally obtain that the solution to 
system fl49Ep admits the estimate 

llt/ollo-o.O + l|A*||cro,0 + ||x*||o-o,0 

< c(ai - ao)-'"-®c(|/5| + ||Fi|U,,o + \\F 2 \U 0 + ||i"3||oi,o) (64E) 


Hence we proof that for all sufficiently small £0 and tq system (I49ED has 
an analytic solution satisfying inequality fl64Ep . Next notice that the mean 
value X = and the constant q = fi- Recall that the vector 6f3, the mean 
value A*, and the constant p are connected with the deviations V'lp*, X* and 
X* by relations fl32EaP - fl32Ecp . It follows from this relations and estimates 
fl34Ell - fl35Ell that 






































Combining this result with fl64Ep we obtain 


Ixl + l<5/3| + |A| + IpI + |g| 

< c(cri — (Jo) ^(|/l| + l/sl + I/ 5 I + ||-^l||o-i,0 + ||-^2||o-i,0 + I|-^3 ||<ti,o)- 

This result, estimate fl64ED . and decomposition fl25Ep imply desired estimate 
fl24ED . This completes the proof of Proposition IE.51 

□ 

Now we consider the extended truncated system, which includes the extra 
equation for the matrix-valued function T. This extended system is formu¬ 
lated as follows 


di/^o + O' = -^ 1 ) (65Ea) 

JdA + T/j, + pei = F 2 , ^ = S/3 + V'tpo (65Eb) 

— dx + S/x -I- T^A = F 3 , (65Ec) 

^0 = fi, X = h = /5, (65Ed) 

d{3T) + nT + (^ 2 ^)^+ (65Ee) 

dX 

UjjTp:-h + AjKj -|- (51VI = T 4 , 

dQ _ 

rii = -r22, ri2 = /4, diag (1,0). (esEf) 


The following proposition guarantees the well-posedness of the truncated 
problem fl65Ep . 

Proposition E.7. Under the assumptions of Theorem \E.l\ there are £o > 0 
and ro with the following properties. For every 

(a, <p(a) = ( 0 , 0 , 0 , a, 1 , 0 , 0 ), |e| < £o, , 

0 < (Jo < CTi < <7, (Ji > 1/4 
f e C^ Eg 

Then problem fl65Ej) has a unique solution 

(V'o, A, X, r, 6f3, q,p, (5M) G A„o,o x ^lo,o x x q x x 
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This solution admits the estimate 


||(<*„,A.x.r)||,„,„+ |(i/3.i<,,^p,avi)| < c(<Ti -ff„)-«”->"(||F||„,„+ |f|) 

( 66 E) 

where the constant c is independent of Eq, tq, and a. 


Proof. We begin with the observation that equations fl65EaD - fl65EdD are inde¬ 
pendent of r. Moreover, system fl65EaP - fl65Ed|l coincides with system fl23EaP - 
fl23EdD . Applying Proposition IE. 51 we conclude that this system has a unique 
analytic solution. This solution admits the estimate 


||'0o||o-o,O + ll-^llcro.O + IIaIIo-0,0 + IpI + \ q \ 

+ \S(3\ < c(ai - ao)-®"-«(||F|U,,o + |f|). (67E) 


Hence it suffices to analyze equation (165Eep . Rewrite it in the form 

dX 

a(jr) + nT + {nry + 5m = F 4 - 

Applying inequality 1167Ep we obtain 


( 68 E) 


lU,;, 


dXi 




— PiEii — -^iKi||2/3o-o-l-l/3cri,0 < c((Ji — (Jq) (|| A|| i/2o-o+1/2o-i,0 


+c||V'o||l/2f7o+l/2f7i,0 + \d/3\) < c((Ti - CTo) 


—6n—9/ 




,o + |f|). (69E) 


Applying Lemma [l7EI we conclude that equation fl 68 Ep has a unique analytic 
solution which satishes condition fl65Efp and admits the estimate 


|r|U„,o + \5M\ < c(ai - (IIF 4 - U 


dXj 


— hjEj — AjKj||2/3o-o+l/3fTi,0 + I/ 4 I ) 


It follows from this and fl69EH that 

||r|U„,o + m\ < c(ai - ao)-®"-' 2 (||F||.,,o + |f|). 

Combining this result with 1167Ep we obtain 1I66EP and the proposition follows. 

□ 
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Proof of Theorem IE. II We are now in a position to complete the proof of 
Theorem lE.il The proof is based on the Proposition IE. 71 and the contraction 
mapping principle. By technical reasons it is convenient to introduce the 
following denotations. Introduce the vectors 

m = (V^o, A, X, r, 5(3, q,p, 6M), f= {F,, F^, F^, F,, f,, /g, U, h). 

Denote by the closed subspace of the Banach space 

*^0-0,0 X ^ ^ *^^0,0 X C"" ^ X C^, 

which consists of all vector functions to such that tr T = 0. Denote by 
the closed subspace of the Banach space 

Xo,o X X A-J X X C X x x C 

which consists of all vectors f such that the matrix F^ is symmetric. Rewrite 


main system fllEp in the form. 

+ q = Fi + S 3 ,i(p, 5M), (70Ea) 

J5A + r2A + T/x + pGi = F 2 + .^ 3 ^ 2 ( 7 *) 5M), fi = V'00 T 5(3 (70Eb) 

-dx + S/x + T^A = F 3 , (70Ec) 

dX 

diJT) + nT + (nry + + piE, + = (70Ed) 

F4 + '^3,4:{5M), Til = —r22, 

V’o = /i + ‘=^3,5(/3) A) (70Ee) 

X = /3 + S3,6(x), (70Ef) 

r^ = /4 + S3,7(r) (70Eg) 

-^1 =/5 + S3,8(A, x), (70Eh) 


where 

S 3 ,i(p, 5M) = -p{wi - a) - ^5M{wi - a)^, 

S 3 , 2 (p, 5M) = -p{W^ - I)ei - 6M{wi - a)W^ei, 
“ 3,3 = 0, E3^4{6M) = 6M- W^hMW, 

23,5(/3, A) = 5/3 ■ u - m; 2WA ■ ei 

S3,6(x) = S 3 ,r(r) = ((I - W)r) 

23 , 8 (A, x) = (I - W)A ■ ei - X ■ Vwi. 
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It is necessary to prove that, under the assumptions of Theorem IE. 11 the 
system of equations fl70Ep for all f G 3^cri has a unique solution tu G 
satisfying the inequality 

< c(ai - llflly,^ (71E) 

Recall that 

0 < cTo < (Ji < a, 1/4 < cTi. (72E) 

The proof is based on the following auxiliary lemma. 

Lemma E. 8 . Under the assumptions of Theorem \E.1\ the operator S 3 = 

(admits the estimate 

||S3(rD)||y, < crolltnllA-o- (73E) 

Proof. Obviously we have 

II- 3,1 (P, <5^)11 + l|-3,2(P, <^^)||ya + l|-3,4(<^A7)||;y^ < 

c{\p\ + \6M\){\\w,-a\Uo + \\W-l\Uo) 

It follows from the estimate 

(a,fc)GSg, ||(p - < r, (^(a) = (0, 0, 0, a, 1, 0, 0), 

in condition of Theorem [ET] and the relations (p = (/3, ipo, u, w, lEn, IE 12 , IT 21 ), 
det W = 1 that 

||u|U,o + lk2||<7,o + Iki - a||<7,o + ||W - I||<^_o < cr < cro. (74E) 
Thus we get 

||S3,i(p, 5M)\\y^ + ||S3,2(p, SM)\\y^ + ||S 3 , 4 (^M)b^ < cro(|p| + \5M\) (75E) 
Next, the Cauchy inequality implies 

|‘=‘3,5| + |‘=‘3,6| + |‘=^3,7| + |‘=‘3,8| < c{\6(3\ + |A|o + |x|o + |r|o)x 

(|u|o + |W - I|o + |w 2 W|o + IVtCilo + |I - V”^|o) 

Recall that I — = —u' and the embedding 

'^(T,o ^ Hi ^ Hq, ^ 0,0 ^ Hq 
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is bounded. From this and fl74ED we obtain 


|u'|o + |W - I|o + |ta2W|o + iVwilo + |I - V~'^|o 

< |u|i + |W - I|o + |ta2W|o + Iwtli 

^ Iloilo-,0 + ||W — I||o-,0 + ||'?^2W||o-^0 + ll'W^lllo-,0 < cro 

and 

l-^lo + Ixlo + irjo < c(||A||o,o + ||x||o,o + ||r||o,o)- 

Combining the obtained results we arrive at the estimate 

1 ^ 3 ,si + iSs^el + 1 ^ 3 ,tI + < cro(|/3| + ||A||o,o + ||x||o,o + l|r||o,o)- (76E) 

It remains to note that the desired estimate fl73ED obviously follows from 

fl75Ell and fl76Eli . □ 

Let us turn to the proof of the Theorem lE.ll Denote by E 4 the linear 

operator which assigns to every f G the solution iti of problem fl65Ep . 
It follows from the Proposition flE.7D that for small £0 and ro, the operator 
S 4 : 3 ^ 0-1 —t is bonnded and 

||S4f|Uo<c(ai-ao)-^"-«||fb.^. (77E) 

In particnlar, we have 

l|54flU. <c||fb„. (78E) 

Now we can rewrite system fl70ED in the form of the operator eqnation 

to = S 4 (“3 03 + f). (79E) 

By virtne of fl73Ep and fl78Ep the operator S 4 S 3 : Xq ^ Xq is bonnded and 
its norm does not exceed cro. Choosing ro snfficiently small and applying 
the contraction mapping principle we conclnde that operator eqnation fl79ED 
has a nnique solntion in the space Xq. In view of fl78Ep . this solution admits 
the estimate 

IblUo < c||f||y,^. 

Let us prove that this solution is analytic. Notice that estimate fl73ED implies 


<c||tu 


Uo < 




Hence 

ll-stt’ + fbai < clltnbo + llfb^i < cllflly,^. 
Combining this result with fl77ED we obtain desired estimate fl71EI) . 
completes the proof of Theorem lE.li 


This 
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E.2 Proof of Theorem 18.1 


We split the proof into two parts. First we prove the existence and uniqueness 
of solutions to problem fIS.Sp . 

d = —pVwi — Vgi, (80Ea) 

J9A + f2A + T^ + pW'''ei = g2 (80Eb) 

-dX + Sfi + T^A = 0 (80Ec) 


{fFA}-ei + {x-Vwi} = 7, 

{v-^x} = 0. 


(80Ed) 

(80Ee) 


in the space of analytic function and establish estimate 


Next, we 


estimate the obtained solution in the Sobolev space Hg. We begin with the 
observation that problem fl80Ej) is the very particular case of general problem 
ca. Notice that, in view of conditions fl8.6p and fl8.7p of Theorem 18.11 the 
matrices W, V, S, T and the function wi meet all requirements of Theorem 
IE. II with a replaced by a 12 and ro = ceq. Next set 


U,, = 0, Ei = 0, Ki = 0, (81E) 

(To = (t/4, (Ti = (t/2 > 1/4 

Obviously these quantities satisfy all conditions of Theorem lE.il Now intro¬ 
duce the temporary notation 

Fi = -gl, F 2 = g 2 ,, F3 = 0, ^4 = 0, ('82E') 

/i = 0, /s = 0, /4 = 0, /g = 7, 

Since tq < ceq, it follows from Theorem IE. II that for a suitable choice of 
Eq and for all |e| < eo) fhe equations fllEp with the righthand sides fl82ED 
have a unique analytic solution. This solution satishes inequalities fl5Ep . In 
particular, we have 

Kt/o) \ x)|| 3 / 8 o-,o + \{Sf3,p)\ < c(|| 5 (j['||o-/ 2 ,o + l|g 2 lU/ 2 ,o + ItI)- (83E) 

By virtue of condition fl81Ep and the equalities /4 = 0, F 4 = 0, the matrices 
r and 5M satisfy the homogeneous equation 

a(jr) + nr + {nr^ + (5m = (5m - w^(5mw. 
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ri2 = ((i-w)r)^^ 

Applying Lemma IE.3I and the contraction mapping principle we conclude 
that r = (5M = 0. Since Fi = 0, we also have g = 0. Hence the functions 
V’o, ^ and X satisfy the equations 

d'lpo = -pwl - gl, (84Ea) 

A + A + T /X + pW'''ei = g2 (84Eb) 

PL = (5/3 +VV’o, 

-a A + S/x + T^A = 0 (84Ec) 


{lEA}-ei + {x-VtCi} = 7, 
{V^ = 0. 


(84Ed) 

(84Ee) 


It follows that pi, A, X and p satisfy equations fl80Ep . Inequalities fl83Ep and 
the obvious inequality 


11^*11+4,0 < c(l/3| + IIV’o||3/8a,0 

implies the estimate 


1(^5-^5 A:)llf7/4,o + bl < cdbilU+.o + l|g2lU/2,o + ItD- (85E) 


which yields fl8.9l) . It remains to estimate the solution to problem 
the Sobolev spaces. Now we change the denotations and set 


dHoll) 


m 


Fi = -pwl - gi*, +2 = p(I - W’^)ei + F 3 = 0, 

/i = 0, /3 = (I - V-T);t /5 = (I-W)Aei-3r^ 


(86E) 


Now we estimate these quantities in the Sobolev space Hg. Obviously we 
have 


l^ils < blKI^ + btd < c^obl + btU 

.^ 2 ^ < bill - W|s + |g 2 d < ceo\p\ + |g 2 b 


(87E) 


We also have 

1^2! < C£obl + |g2 


(88E) 
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The Cauchy inequality implies 


l/sl < |I - V Ixl, < ||I - V ^IU/2,0 Ixl. < c^olxl 

s • 

l/sl < |I - W|_5 \X\s + iVwil-^lxl^ < 
c||I - W||<^/ 2 ,o|A|s + ||w5|'||<7/2,o|x|s < c£o(|A|s + Ixis) 
Combining the obtained results we arrive at the inequality 


/s + /5 < C£o( A + X ) + C£o( A* s + X* s) 

(89E) 

With this notation eauations f|84E) can be written in the form 


dipo + q = Fi, 

JdX + fix + T/x + p ei = F 2 , = 6/3 + V'lpo 

-0 X + S/x + TTA = F3, 

(90Ea) 

(90Eb) 

(90Ec) 

V’o = /i, X = /a, Ai = / 5 . 

(90Ed) 

Hence the these equations coincide with equations fl23Ell at least formally. 
It follows from Lemma IE.61 that a solution to svstem flSOE) admits the rep- 
resentation (|32Ep. recalline identities 3 = Tl and Vb'n = u* we can rewrite 
this representation in the form 

■JZ = Miti*,X*)+dfs, 

X = C{fi\X*)+dx, 
p = FifM\X*)+dp- 

(91Ea) 

(91Eb) 

(91Ec) 

It follows from estimates fl34E) and f|35Ep in Lemma IE.61 that the constant 
vectors and the linear functionals Ai, C, V admit the estimates 

1^/3 + + \dp\ < c( F 2 s + \F 3 \s + /s ), 

(92E) 

\Ai\ + £ -|- \V\ < ceo{\fj,*\s + A* s). 

Moreover, estimate fl33Ep yields the ineoualitv 

(93E) 

\df}\ < c\F2\. 

(94E) 
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Combining estimates fl87Ep . fl89Ep and fl92ED . fl93Ep we arrive at the inequal¬ 
ity 


li?/?! + |i?a| + |i5^p| + |A^| + l-^l + \'P\ < c£o(|A| -i- IxI -i- |p|)-I- 

+C£o(|'^*|s + |x*|s) + cdfi'ils + |g2|s)- 


/^From this and fl91Ep we obtain 


|A| + Ixl + 1^1 + \v\ < c£o(|A| + Ixl + \p\) + 

-fC£o(|A*d + |x*|s) + c{\gi\s + |g2|s)- 

Choosing Eq sufficiently small we hnally obtain 


-^1 + Ixl + Ia*I + \p\ ^ c£o(|A*|s -f |x*|s) + c(|(7i|s + Igzis)- (95E) 


Next, equations fl80EaP - fl80EcP imply the equalities 

dpi* = -pVwi - Vgi, 
dX* + nx* = g 2 -T/X* - (T/I + pW^ei) 
dx* = (S/x* + T^A*) + (S 71 + T^A) 

Applying Lemma FE.21 to the hrst equation and noting that the embedding of 
every Sobolev space into Aa-/ 2 ,o is bounded we obtain 

IM |s-|-3n+4 ^ *^(|p| "h |s+4n-|-6) 

Next, applying Lemma [E.31 to the second equation we obtain 

IA ^ c|g2|s+3n+4 + c|/X*d+3n+4 + c{\p\ + |/x). 

Applying Lemma IE.2I to the third equation we obtain 

|A*|s ^ c{\fl*\s+n+l + |A |s+„+i) + c(|p| + l/X -f |A|) 


Combining the obtained results we arrive at the inequality 
|M*|s + |A*|s + |x*|s < c(\gWs+An+& + |g2|s-|-4n+6) + c(|p| + |^ + |A|). (96E) 

Combining fl95Ep and fl96Ep . and choosing Eq sufficiently small we obtain the 
desired estimate 


+ |A|s + |x|s -|- \p\ < c{\g'[\s+in+Q + |g2|s+4n-|-6); (97E) 
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which gives estimate fIS.lUp in Theorem 18.11 Next, estimates fl88Ep and fl94ED 
yields 


IS"/?! < ceo\p\ + |g2 


(98E) 


which along with fl91EaP and fl93Ep implies 


< |g 2 | + C£o(b| + + |A*y 


Combining this result withy fl97Ep . we finally obtain 


l/^l < |g2| + ceoi\gl\ s+4n+6 + |g2|s+4n+6); 

which gives estimate fl8.1ip in Theorem 18.11 This completes the proof of 
Theorem 18.11 
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